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Chapter 1
Introduction

In all situations that involve uncertaintiesl]we must do decision-makings based on some
inference. The inference will be done from the past observations for the corresponding
phenomena. We collect various types of data, build a model of the corresponding
phenomena, and estimate the unknowns. We again collect new data, find out if the
model is suitable or not, and correct the model if we need. Finally we will make
a decision through the final model. Such an inference procedure is desired that the
larger the sample size becomes, the more accurately the model can predict the future’s
phenomena. The asymptotic inference is a field to study such inference procedures and

properties of estimators under the situation where the sample size tends to infinity.

One may think that it is unrealistic to consider such a situation where the sample
size tends to infinity. However, as Ibragimov and Has'minskii [41] says by quoting the

word of Gnedenko and Kolmogorov [34],

The epistemological value of the theory of statistical estimation revealed

only by asymptotic theories.

The asymptotic inference, which gives a mathematical validity of the constructed proce-
dures and comparing methods with the another procedure, is one of the most important

steps in the prediction.

In this thesis, we are interested in the asymptotic inference for continuous-time
stochastic processes that follow some stochastic differential equations with jumps. How-
ever, as a prologue, we shall begin to introduce the general history of the asymptotic

inference briefly.
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1.1 A brief historical review of the asymptotic in-

ference

In the history of the asymptotic inference, it would be well known that several Statis-
tics Giants; Pearson, Fisher, Cramér, Wald, Le Cam, Hajek, and so on have largely
contributed to the development of the theory.

The notion of the consistency of estimators, which is the most important and basic
notion in the asymptotic theory, is suggested by Fisher [27]. After that, consistent
estimators have been sufficiently studied by many authors. It seems that Pearson, K.
suggested the method of moments; see Cramér [20], which is the first general method
to construct estimators. The maximum likelihood estimators, which is originated with
Fisher [27], are discussed in a general framework by Wald [110] and Le Cam [57],
Bayesian estimators were also discussed by Le Cam [57], and the study of the asymp-
totic inference were becoming increasingly popular.

It would be natural that the next interest was to define the best estimator. In
statistics, there was, from long ago, a notion of comparing an ezpected loss (risk) to
discuss the goodness of estimators. This idea goes back to Laplace or Gauss, who
proposed to minimize the expected absolute deviation or the least-squares loss. It was
reintroduced by Wald [108, 111] in a sophisticated form to the statistical scene two
decades after them, and the notion of the asymptotic efficiency, whose fundamental
notion was also probably originated with Fisher [27], comes from the fusion of the
decision theory and the asymptotic theory. Moreover the development of the modern
mathematical statistics based on the likelihood ratio by Wald, Le Cam, Héjek and
other authors improved and completed the notion of the asymptotic efficiency via the
concept of the local asymptotic normality (LAN) or more generally local asymptotic
mized normality (LAMN); see Le Cam [58] and Jeganathan [45]. These are so called
an asymptotic risk minimization procedure.

Their theories were discussed on the extremely general framework called the statis-
tical experiment, which was merely a family of probability measures &, = {P(,(E), 0co}
on a o-field of a state space, where ¢ > 0 and § € © were parameters. Therefore it
included not only static statistical models as in the traditional large sample theory but
also many dynamical models by stochastic processes. Moreover the notion of minimiz-
ing of the asymptotic risk were applied not only to the parametric framework as above
but also to the nonparametric framework. On these historical flow and the theory
itself, it is familiar in e.g. Ibragimov and Has'minskii [41], Le Cam [59], and Basawa

and Scott [8]. In this way, a general, rigorous and massive system of the asymptotic
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inference had been constructed.

Against such a background of modern statistical theories, many authors studied
the inference for stochastic processes. It would be a natural flow in the history since
the theory of stochastic processes had been developing coincidentally, and were just
beginning to be applied to some fields. One of the important and essential tools for
investigations of the inference for stochastic processes was the likelihood ratio or the

log-likelihood function.

The inference for discrete-time stochastic processes has been investigated earlier by
Wald [109]. Billingsley [9], Roussas [83, 84, 85], Prakasa Rao [76], and so on studied the
discrete-time Markovian case. For long-memory time series, the case of linear processes
that includes important AR, MA and ARMA models was studied earlier by Whittle
[112] systematically, the case of non-linear processes that includes recently well-used
ARCH and GARCH were by Tjgstheim [104]. Kreiss [51] and Jeganathan [46] discussed
the inference for linear and non-linear time series in the framework of LAN and LAMN,
respectively. For the further review, see the recent great book Taniguch and Kakizawa

[101] for the asymptotic inference for time-series.

On the other hand, the first systematic treatment of problems in the statistical
inference for continuous-time stochastic processes was due to Grenander [36]. In the
case of continuous-time processes, the calculation of the likelihood ratio is frequently
difficult. He considered a special Gaussian stationary Markov process, and tried to
calculate the likelihood ratio by the following schemes: calculate the likelihood ratio
with respect to the true distribution for a finite set of time points 0 = t, < t; <
... < t, = T and then let the sample size n — oo so that maxj<;<,(t; — ti-1) — 0.
This method can not be applied to general stochastic processes but would give us an

important insight for the inference from discrete observations later.

After him, the asymptotic inference for each special type of continuous-time stochas-
tic processes has been studied based on the likelihood theory by several authors.
Billingsley [9] studied the Markov processes with the general state space. Athreya and
Keiding [3], Feigin [25] considered the Markov branching processes. Brown [18] and
Brillinger [17] studied point processes. Basawa and Brockwell [6] discussed gamma and
stable processes, and Akritas and Johnson [2] studied general Lévy processes. More-
over Kutoyants [54] studied the LAN properties for the likelihood ratio of diffusion-type
processes and point processes after the manner of Ibragimov and Has'minskii [41], and
Yoshida [115, 116] discussed the M-estimation for diffusion processes via the LAMN
property.

In 1990s, the asymptotic inference for stochastic processes began to be discussed in



12 CHAPTER 1. INTRODUCTION

the general framework of semimartingales that was a wide class of stochastic processes
including point processes, Lévy processes, diffusion processes and also diffusion pro-
cesses with jumps. The LAMN property discussed by Basawa and Scott [8] in general
framework was applied to the class of semimartingales by Luschgy [62], and he also
introduced the new concept of the local asymptotic quadraticity (LAQ) in Luschgy [63].
Taraskin [102] extended the concept of the LAN for semimartingales to local asymptotic
infinite divisibility (LAID), and so on. On the other hand, without the LAN or the
LAMN theory, the asymptotic likelihood theory based on the notion of various infor-
mation quantities were introduced by Barndorff-Nielsen and Sgrensen [11] and Kiichler
and Sgrensen [52]. Sgrensen [98, 99] gives the concrete discussion of the asymptotic
inference for continuously observed diffusion processes with jumps using their theories.
Basawa and Prakasa Rao [7] and Prakasa Rao [80] give comprehensive explanations on

these historical flow and theories.

In these days, the higher-order asymptotic inference for semimartingales via the
asymptotic expansion approach is becoming active at the initiative of Yoshida [117,
119, 120], Sakamoto and Yoshida [87, 88|, Uchida and Yoshida [107] and so on. Their
asymptotic expansion approaches, which were initiated by Yoshida, N., are practically
applied to the financial econometrics, and are expected to be powerful tools for the
study of the mathematical and applied finance; see Kunitomo and Takahashi [53],
Takahashi and Yoshida [103], Masuda and Yoshida [68] and the references therein.

Until a little before, such a statistical theory for semimartingales was possibly
only for theorists, and practitioners were not so familiar with that. However we are
compelled to wonder the situation has been changed in these days. That is, not only
professional mathematicians and statisticians but also practitioners who use statistics
in their business are becoming familiar with the term of “stochastic processes”, and
statistical inference for them is of major interest even for practitioners. It is nothing
else that there has been the kind of emphasis on the modeling by stochastic processes

in applications recently.

The remarkable tendency as above is particularly seen in the fields of econometrics
or financial engineerings. Since the appearance of two great papers in the field of
econometric; Black and Scholes [14] and Merton [70], modern economic theorists are
busy to formulate their theories to represent the dynamical change of securities’” prices
by building dynamic models via semimartingales rather than the classical econometric
theory, which is erected on the traditional static or equilibrium structure as classical
statistical mechanics. At the same time, practitioners are also busy to learn their new

theories and try to use them in their businesses. If it is doubtful, you should go to
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the corner of Finance and Marketing in some big book stores. You could see many
terminologies on stochastic calculus and mathematical statistics there. In this way, the
statistical inference for semimartingales is now becoming a standard tool not only in
academic but also even in practice.

However, it is quite another between the great advance of the inference theory for
stochastic processes and a correct understanding and application of the theory. Ac-
tually, in application, invalid ad hoc methods are sometimes used although there is
the corresponding theory that is mathematically well-established. One of the reasons
would be the mathematical difficulty of the inference theory. However it seems that
there would be more fundamental problems. One is that the cooperation among math-
ematical statisticians, applied statisticians and practitioners is not so smooth. Another
is that there still remains gap between the theory and the practice.

Fortunately, it seems that the former problem has been changing in a favorable
way recently. Many academic conferences and meetings together with professional
mathematicians, statisticians and practitioners in financial institutions are held in the

world. Therefore we are going to study further in order to solve the latter problem.

1.2 Overview of this thesis and its background

The purpose of this thesis is the asymptotic inference for the following d-dimensional

stochastic differential equations with jumps:

t t t
X =Xo+ / a(X,)ds + / b(X,) dws + / / co(Xs—, 2)r(ds,dz)
0 0 0 Jré\{o}

that includes some unknown quantities. Especially we are interested in the inference
from discrete observations obtained at the time points ¢! = ih, (i = 0,1,2,... ,n);
{Xi»}io, where h,, is the length of the observational interval, w is a Wiener process,
and r is a compensated Poisson random measure; see Chapter 2 for details. If the
compensated random measure r vanishes; r = 0, then we call X simply a diffusion
process.

In the history of the inference for stochastic processes, such types of models have
occupied the much attention of many statisticians as widely used models in applica-
tions. For example, Modeling prices of securities in financial markets is particularly
important; see Merton [70], Aase and Guttorp [1], Mulinacci [74], Scott [89], Gukhal
[37], and multiplicity of recent papers on the mathematical finance. There are other
applications to risk models in insurance; Gerber [32], Dufresne and Gerber [22], Em-
brechts and Shmidli [23], soil moisture models; Mtundu and Koch [75], to hydrology;
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Bodo and Thomoson [16], and to population models; Hanson and Tuckwell [40], Gut-
trop and Kulperger [38], and so on. However, in any application, observable data are
always discrete in practice, and we face the trouble of the inference for such continuous-

time models from discrete samples.

In the early period of modeling by continuous-time stochastic processes, modeling
by diffusion processes was prevalent, and estimation problems for discretely observed
diffusion processes have been studied by many authors very well. Though there are
some observation schemes, we are here interested in the one called "rapidly increasing
experimental design”: nh, — oo but nh? — 0 as n — oo; it is also-called frequent data
in financial literatures. The earlier work on this scheme is seen in Prakasa-Rao [77, 78|.
He studied the least squares approach. Florens-Zmirou [29] considered an estimation of
one-dimensional diffusion processes with constant diffusion coefficients under the less
restrictive condition nh3 — 0 with convergence rate y/nh, for a diffusion estimation.
Yoshida [118] studied the case where the drift-diffusion parameter estimation cannot be
split, and showed the joint convergence of an adaptive estimator with y/n convergence
rate for diffusion parameter. After that, Kessler [49, 50] improved it to a more general
case with the design nh? — 0 for arbitrary fixed p > 2. For other schemes, for
instance nh,, = constant or h,, = constant, see Genon-Catalot and Jacod [31], Dacunha-
Castelle and Florens-Zmirou [21], Bibby and Sgrensen [12], and the references therein.
Moreover, for small diffusion models, see Uchida [105, 106] and Sgrensen and Uchida
[100]. In this way, the inference for discretely observed diffusion processes have been

well discussed.

On the other hand, the inference for discretely observed diffusion processes with
jumps is still developing although jump-diffusion models are also well used in many

fields. We propose some useful methodologies for such a critical problem in this thesis.

Our work gives several estimation methods, which are practical and mathematically
valid for such extremely important models. Though the author’s work is only a small
part of the enormous history of the asymptotic statistics as described in Section 1.1,
the author strongly believes that this work provides an absolutely significant foothold
for the future’s development of the inference theory for stochastic processes.

This thesis mainly consists of three already published papers that are devoted to
the inference for stochastic differential equations with jumps from discrete observations;
Shimizu and Yoshida [96], Shimizu [92, 93], and some unpublished new results; Shimizu
[94].

In Chapter 2, we shall first present the definition of diffusion processes with jumps.

We identify two types of models with a jump mechanism. One is a finite activity model
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in which jumps occur only finitely many times in any finite time interval, and an infinite
activity model in which jumps occur infinitely many times in any finite time interval.
We introduce an aspect that the infinite activity model can be approximated by the
finite activity model in some sense under some regularity conditions. This aspect is
the key in Chapter 4. We also introduce Ito’s formula and an ergodicity for diffusion
processes with jumps, which are important in Chapter 3 and Chapter 4 to obtain

asymptotic properties of estimators.

Chapter 3 is devoted to the parametric estimation of finite activity models under the
scheme that nh? — 0. We assume the ergodicity of the model to discuss the asymptotic
behavior of estimators. We construct a single contrast function to estimate the drift
and the diffusion parameters jointly. The exact likelihood function would be used if we
would know the form of transition probabilities. However it is generally impossible to
write it down explicitly, therefore we have to approximate it by a suitable function. We
present an estimating function having two parts: the first part is the log likelihood of
a local Gaussian process, and the second one is modeled after the likelihood of Poisson
random measures. This estimating function divides increments of neighboring data
according to their magnitudes and assigns them those parts, that is, a small increment
that is less than or equals to a threshold r,, is regarded a Brownian shock, and is assigned
to the first part that corresponds to the estimating function of the continuous part, and
a large increment that is larger than the r, is regarded a jump, and is assigned to the
second part that corresponds to the one of the discontinuous part. This threshold r,
should satisfy some order-conditions. Evaluating the probability of misclassification,
we prove the asymptotic normality of our estimator. Our estimator is of the maximum

likelihood type, which is efficient in some sense.

In Chapter 4, we consider a more general ergodic jump-diffusion whose jump part
is driven by a Lévy process z whose Lévy density f satisfies [, f(z)dz = oo; infinite
activity models. This z can be split into two parts, the one is for a small jump part
whose jumps are less than or equal to a positive value ¢,(| 0), and the others are
for a large jump part whose jumps are larger than &,. The former can be regarded
as a small diffusion, and the latter becomes a compound Poisson Process for each n.
This is the approximation of the infinite activity models by the finite activity models;
see Chapter 2. This enables us to apply the idea of Chapter 3 to the infinite activity

models. However we have to choose the sequence ¢,, carefully for that purpose.

For estimation of parameters in the continuous part, we can take the same procedure
as in Chapter 3. The parameters in the jump part are estimated via the method of

moments fitting the higher-order moments of large increments. However, in order to
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obtain the asymptotic normality, it needs some conditions for the intensity of large
jumps: A\ = f|zl>€n f(2) dz. Therefore, our method can not always be applied to any
infinite activity model.

In Chapter 5, the nonparametric estimation is discussed in reversal. In particular,
we concentrate on the estimation of Lévy density, which is the most important in jump-
processes, in finite activity models. The procedure is the kernel density method. We
regard large increments as jumps approximately, and apply the idea of the usual density
estimation. Evaluating the negligible gap between the approximated jump size and the
true jump size, we prove the consistency of the density-type estimators in the sense
of the mean squared error. The restriction of the Lévy density which was imposed in
Chapter 3 is removed in this chapter although the experimental design becomes more
rapid; nhlt® — 0 for a 6 € (0,1/2).

Up to Chapter 4, we need an ergodicity of the model to obtain asymptotic results.
However, this assumption is often strong in some applications. The nonparametric pro-
cedure proposed in Chapter 5 enables us to estimate non-ergodic models from sampled
data.

In the simulation study; Section 5.4, we point out an important problem: How
should we determine the threshold r,, for fixed n? As described above, r,, is restricted
only by some order-conditions, and can not be determined uniquely by asymptotic
theories. However since the sample size n is finite in real data, we have to select this
threshold r,, according to models and the sample size n. This is the very gap between
the theory and the practice. In Section 5.4.3 and 5.4.4, we shall give some intuitive
methods to select the threshold, and in a special case of the model, we shall propose

more theoretical and practical methods than them in Chapter 6.

1.3 General notation

1. R = (—o00,0), Ry =[0,00), N={1,2,...}, Ny = {0} UN. Moreover Z(X)

means the family of Borel sets on a normed space X.

2. (2,7, (%)i>0, P) is a filtered probability space with a filtration (.%#;);>0 and a
probability measure P. We denote by E the integral with respect to P.

3. For a sequence of increasing positive numbers {¢I'}"_, for each n € N, we put
Fl = ﬁt;tl» P {-}=P{-|F}and B[] = E[-|F#]}.

4. For a function g(z,y), we denote the value g(z, Xi» ) by gi—1(x).
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10.

11.

12.

13.

14.

GENERAL NOTATION 17

For a stochastic flow X, we set AX; := X; — X; and A X" := Xpm — Xpn

. The symbol Ny(p, ¥) means a d-dimensional Gaussian distribution with the mean

vector p and the covariance matrix X. As d = 1, we simply write N (u, X2).

. The symbol L means the convergence in probability under the measure P. The

d e
symbol — means the convergence in distribution.

Qn = O,(r,) means that, for every ¢ > 0, there exists . > 0 and n. > 0 such
that P(|Qn/rn| > d:) < e for any n > n.. @, = 0,(r,) means that @, /r, — 0 as

n — oQ.

_ . . 0 2 . 02 2 . _0?
. For k= (k1,... ,Ra), Ox = (Oyy -+ 1 0uy)"s O Op = 52,00, = Treiie;
J

j 81'{]'7 Kj

and so on, where * stands for the transpose. Moreover, for any integer [, denote
O f (1) = (Op,, o, f(K))12ir.... is<as & tensor on (RT)S.

For a tensor A, we express its components with upper index, for example, if A is

Kikj
l

a matrix, then its (k,[)-component is A% Moreover |A|? is the sum of squares

of the components of A

Let u,, be a real valued sequence and s, x be some vectors whose components
are real valued. We denote by R(s,u,x) a real valued function for which there

exists a constant C such that
R(S, tup, ) < u,C(1+ |$|)C
uniformly in s. Furthermore we set R(s, un, z) = 1 — R(s, up, ).

When ¢ is an unknown parameter, we express the true value of ¢ with the

subscript zero: ¥y is the true value of a parameter .

We sometimes omit the true values of parameters for simplicity of notations
without specially mentioning. For example, we simply write f(X;» ) or more
simply fi_1 for f(Xim ,00), or q(ds,dz) for g,(ds,dz), and so on, where 6 is an

unknown parameter.

We often use the notation C' (resp. Cj) as an universal positive constant (resp.
depending on the index k), therefore we sometimes use the same character for

different constants from line to line without specially mentioning.






Chapter 2
Diffusion processes with jumps

When statisticians observe natural phenomena, they usually suppose some dynamical
systems which have generated the obtained data. A dynamical system seems to always
be disturbed by some stochastic perturbation; noise, and the noise makes it difficult
to construct the model and to predict the future. Particularly, when we deal with
time-continuous systems, modeling of the noise is complicated.

Fortunately, we have the powerful tool to model the noise. One type of which is a
continuous noise modeled by a stochastic integral with respect to a Wiener process. The
other is a jump type noise modeled by a stochastic integral with respect to a martingale
measure generated by a point process. Stochastic processes modeled by differential
equations including such kinds of noise terms are called stochastic differential equations
(SDE) with jumps.

Our major interest of this thesis is the statistical inference for a certain class of
SDE’s with jumps; diffusion processes with jumps, or simply called jump-diffusions,
from data obtained in the past. In this chapter, we give the definition and some
properties about diffusion processes with jumps, and present some auxiliary results

which are useful in the later chapters.

2.1 Stochastic differential equations with jumps

2.1.1 Solution-processes

On a probability space (€2,.#, P) with a filtration (.#;);>0, we consider a d-dimensional

stochastic differential equation with jumps: X is a random variable, and
dX; = A(w, t)dt + B(w, t) dw, + / Clw,t, z) r(w,dt,dz), (2.1)
£

19



20 CHAPTER 2. DIFFUSION PROCESSES WITH JUMPS

where £ = R4\ {0}, w; = (w},...,wl) (t > 0) is an r-dimensional Wiener process,
A(w,t) and B(w,t) are jointly measurable and .#-adapted processes, C(w, t, z) is also
jointly measurable, but an .%;-predictable process for each z € &, r(w, dt, dz) is a com-
pensated Poisson martingale measure of the form r(w, dt, dz) = p(w, dt, dz) — q(dt, dz),
p is an extended Poisson random measure independent of w, and ¢ is its intensity
measure, that is, ¢(dt,dz) = E[p(-, dt,dz)]; see Jacod and Shiryayev [43] for details of
random measures.

Denote by (Dr,%r) the measurable space of cadlag functions = (z)o<i<r for each
T > 0 with a filtration ¢, = o{xs; s < t}.

Let us present a general definition of diffusion processes with jumps.

Definition 2.1 A stochastic process X = (Xi)o<i<r satisfying the equation (2.1) is
called a diffusion process with jumps, or a jump-diffusion if there exist jointly mea-
surable (s,x) functions a(s,x) and b(s,x), which are 9, -measurable for each s such
that, for almost allw € Q and s € [0,T], A(w, s) = a(s, X(w)), B(w,s) = b(s, X(w)).
Moreover there exist a jointly measurable (s,z,z) function c(s,z,z), which are Y;_-
measurable for each s and z € € such that, for almost all w € Q, s € [0,T] and z € &,
Clw, s, 2) = c(s, X (w), 2).

In this thesis, we particularly consider the following d-dimensional Markovian dif-

fusion processes with jumps: Xy = x, and

dX; = a(Xy) dt + b(Xy) dw; + / (X, 2)r(w,dt,dz), (2.2)
£

where x is a random variable.

Definition 2.2 A solution-process to (2.2) is a cadlag process X defined on the filtered
probability space (0, .F, (Fi)i>0, P) endowed with (w, p) as the driving terms, such that
for each t > 0,

t t t
Xt::B~|—/ a(XS)ds~|—/ b(XS)de+/ /C(Xs_,z)r(w,ds,dz).
0 0 0o Je

The following classical result of the existence and the uniqueness of the solution-

process is found in Jacod and Shiryayev [43]; see Theorem III, 2.32.

Theorem 2.1 Assume the following two conditions

(i) (Local Lipschitz continuity) For each n € N, there exist a constant L,, and a
function G, : € — Ry with [ (2(2) f(2) dz < 0o such that, for any |x| < n, |y| <

n,

la(z) — a(y)| + [b(z) = b(y)| < Lalz —yl, |c(z,2) = c(y, 2)] < Gi(2)|lz —yl-
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(ii) (Linear growthness) For each n € N, there are L,, and ¢, as above, such that
for all z € R,

le(2, 2)] < Gul2)(1 + []).

Then the equation (2.2) has the unique solution X on the probability space (2,.%, P).
Here the uniqueness of the solution means that, P{X; =Y, forallt € Ry} =1 if
there exists an another solution-process Y .

2.1.2 A jump mechanism

A solution-process X to (2.2) is a cadlag process, which transits continuously unless
a jump occurs. Jumps are driven by the point process p;(z) = p((0,t] x (—o0, 2]),
that is, X has a jump AX; = ¢(X;_, 2) if the point process p;(z) has a jump Ap, =
pi(z + dz) — pi—(2) at a point (¢, z). Therefore p, may be considered as the random

counting measure of jumps of a cadlag process X, that is,

pldt, dz) = Liaxozop i) ax.=e(x, =} (dt, d2) (23)

s>0

On the other hand, we impose the following assumptions on the intensity measure
q throughout this thesis: ¢({t} x £) = 0 for each ¢t € R, , and it has the form

q(dt,dz) = dt x f(z)dz, (2.4)

where f is a density of a positive o-finite measure. In this case p is called a time-
homogeneous Poisson random measure, and these conditions are equivalent to that ¢
is the compensator of p. Hence r((0,t],-) = (p — q)((0,¢t],-) becomes a martingale
measure.

In order to construct such a Poisson random measure, it is convenient to consider
that the jump mechanism of X is controlled by an R¢-valued Lévy process z = (2;)s>0
defined on (2, .#,{F:}i>0, P) whose Lévy density is f(z). That is, we consider that
X has a jump if z does. Then the expression of (2.3) is rewritten as follows:

pldt,dz) =) Lacsoyl{sazy(dt. d2). (2.5)

s>0

We call such a p a random measure associated to z. Intuitively speaking, z; has a jump
at time ¢, then X has a jump ¢(X;_, Az), and this is actually an integer-valued random
measure; see Jacod and Shiryayev [43], Proposition I1.1.16. If (z):>0 is a compound
Poisson process, which is the most important case in applications, we have the following

proposition:
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Proposition 2.1 Let N be a Poisson process with the intensity A\ and {&;}ien is an
i.i.d. sequence with a probability density F(z). Let p be a random measure (2.5)
associated to a compound Poisson process z = S ' €;. Then q(dt, dz) = dt x \F(2) d=.

Therefore we see that f(z) = AF'(z). More generally, the following proposition implies
that the intensity measure ¢ of a random measure p of the form (2.5) also satisfies
(2.4).

Proposition 2.2 Let A be a Borel subset of R with 0 & A, and g is a Borel function
which is finite on A. Let f be the Lévy density of a Lévy process (zt)i>o. Then

U / p(ds dz] :t/Ag(z)f(z)dz.

See e.g. Protter [82] for these results. We have (2.4) if g = 1. Proposition 2.2 implies
that the integral [, f 1 f(2) dz can be interpreted as the average of the number of jumps
whose sizes are in the set A per unit of time.

Now, let us suppose that [, c(z, z) f(z) dz < oo for all € R?. Under this condition,
the stochastic integral with respect to the compensated random measure r can be split
into the two integrals with respect to p and ¢; see Jacod and Shiryayev [43], Proposition
I1.1.28, and the SDE of (2.2) can be rewritten as follows:

dX; = a(Xy)dt+ b(Xy) dwt+/c(Xt_,z)p(dt,dz),
£

where a(z) = a(z) — [, ¢ e c(z,2)f(z) dz. This SDE implies that X follows the diffusion
process dX; = a(Xt) dt + b(Xy) dwt while z; does not jump.

In this way, considering that the random measure p is a random measure associ-
ated to a Lévy process, we can easily understand the pathwise properties of diffusion
processes with jumps. Therefore we often stand on such a point of view in the latter

chapters to make the intuitive discussion be clear.

2.2 Finite and infinite activity for jump parts

In this section, let us investigate a structure of jump’s mechanism.
Let z = (z)i>0 be a multidimensional Lévy process with the Lévy density f. If z
is a compound Poisson process with f = AF then Proposition 2.1 implies that z can

be represented as

a= Y Az = // (ds, dz), (2.6)

s€[0,t]
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where p is a random measure associated to z. Since f ¢ f(2)dz = X < oo, the stochastic
integral in (2 6) is finite for each t > 0. However if the above z is a general Lévy process
then [, f ¢ f(2) dz would possibly be infinite; f can have a singularity at the origin. Then
there can be infinitely many small jumps in any finite time interval, and the sum (2.6)
does not necessarily converge. On the other hand, it is well known that a Lévy measure

satisfies, for any ¢ > 0, that

f(2)dz < o0, /0 . |22 f(2) dz < oo. (2.7)

|z|>€

The first condition implies that the sum zég) = Zse[o,t] Az d(az, >y s finite almost

surely, that is, it is a compound Poisson process. We have the following Lévy-Ito

decomposition for the process z — 2(9): see Protter [82], Theorem 1.42.

Proposition 2.3 Let z = (z;)1>0 be a d-dimensional Lévy process, and r be a compen-
sated Poisson random measure associated to z;. Then there exist constants a,o and a

d-dimensional standard Brownian motion B such that

t
% — 2% = at + 0B, + lim zr(ds,dz) a.s. (2.8)
810 §<z<e

for any £ > 0, where z° fo f > 2P(ds,dz). The terms in the right-hand side and
2®) are independent each other. the constant a might depend on €. In particular, if

o =0 then we call z a pure jump Lévy process.

Again let us consider the SDE (2.2). Let p{®) be a random measure associated to a
compound Poisson process 2(*) and ¢(®) be its intensity measure. It follows from Propo-
sition 2 2 that ¢\ (dt,dz) = dt x f)(z)dz, where f©(2) = f(2)1{s/5c}. Furthermore,
let &) = p&) — ¢ Noticing the above decomposition, we can rewrite the SDE as

follows:
dX, = a9(X,)dt+ b(X,)dw, + dB + / (X, 2) p(dt,dz), (2.9
&
where

i) = alz)- / (. 2) fO ) d,

BY = // c(z,z)r(ds, dz).
0<|z|<e

The last term in the decomposed SDE (2.9) corresponds to the jump part driven by

a compound Poisson process 2. If the underlying z is a compound Poisson process,
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then B vanishes by taking ¢ = 0, and we call such a model the Poisson type or the
finite activity model. Otherwise B) corresponds to the jump part driven by a Lévy
process with infinitely many small jumps, and we call such a model the Lévy type or
the infinite activity model.

On the latter condition of (2.7), we set o f0<| < |2|?f(z) dz. This cor-
responds to the dispersion of the small jump part B®) . The following proposition
implies that the process B®) can be regarded as a Brownian noise with small covari-
ance if £ > 0 is small; when the dispersion () converges to zero more slowly than the

level of truncation.

Proposition 2.4 Suppose that e 'o(e) — oo as e — 0. Then
o(e)'B® L B

in D[0, 1] space equipped with the uniform metric, where B is a d-dimensional standard

Brownian motion.

See Asmussen and Rosinski [4] for the proof. On the other hand, if o(e) converges to
zero so fast then we can regard B®) as the negligible noise. Consequently, it indicates
that an infinite activity model can be approximated by a finite activity model. We

stand on such a viewpoint in Chapter 4.

2.3 Ito’s formula and a differential operator

When we discuss various problems for stochastic differential equations (with jumps),
one of the most important tools is Ito’s formula, which is well known in the stochastic
calculus. It provides an integral-differential calculus for sample paths of semimartin-
gales. Ito’s formula says that a “smooth” function of a semimartingale is a semimartin-
gale again, and provides its decomposition.

In this section, we introduce a version of Ito’s formula for diffusion processes with
jumps of the form (2.2), and give some auxiliary results to be used repeatedly in
Chapter 3 and 4.

We denote by L an integro-differential operator for a C?-class function g of the form

Lo(@) = ig(x)a(x) + 4 tr [Rg(x)b(a)s ()]
+ [tala+ cle.2) = o0) = Lgla)elo. D) dz
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This operator is known for the infinitesimal generator of X as a Markov process, and
it plays an important role in the stochastic calculus although we do not describe the
details about their properties here; see e.g. Ethier and Kurtz [24]. In this thesis, this
is used as just an operator to make the notation be simple. Using the operator L, Ito’s

formula for (2.2) is provided as follows.

Theorem 2.2 (Ito’s formula) Let X be a solution-process to the stochastic differen-
tial equation (2.2) and let g be a C*-class function. Assume that [, c(z,z)f(z)dz < oo
for any x € R Then g(X) is a semimartingale with jumps that follows the following

stochastic differential equation:

%)~ o)~ [ raxas = [ agCenxyan,+ [ [ Docx 2 rias, iz

where Dg(x, z) = g(x + c(x, 2)) — g(z).

The following results are useful throughout this thesis. The one is a version of
Fubini’s theorem for conditional distributions on a o-field, and the other is the Ito-

Taylor expansion for semimartingales.

Proposition 2.5 Let Y be an F;-adapted cadlag process, and assume that

< 00 (2.10)

E { sup |Yj]
0<s<t

for each t > 0. Then E[Y;|.%;] (s <t) is s @ B(R)-measurable and

b b
EU Ytdt)?s} :/ ElY|#)dt  as.

Proof0 For (w,t) € Q xRy, n e Nand s € |0,t], we define

for any a,b € R,..

2" —1
Fn(w,t) = Z E [Yk;}t 95:| 1(21% %t](t)
k=0

Notice that lim,, . Zin_ol Y(k+1)t Lose k+1t]( ) =Y, for almost all (w,t) € Q x R, since
Y is cadlag. Moreover notice that F, is .#,-measurable for each ¢ > 0. Therefore it
follows for any A € %, that

E [lim Fn(w,t)lA(w)] = lim F

n—oo n—oo

Z Yorned s e 1 (t)La(w )‘ J\s” (2.11)
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2n—1

= | lim Zy<k;>t1(%7%](t)1/4(w)] (2.12)
k=0

= E[Y,14]. (2.13)

We used Lebesgue’s convergence theorem in the equalities (2.11) and (2.12) by noticing
the assumption (2.10) and that )Zi:ol Y(k;inl)t Lok sy (t)lA(w)) < SUPg< < |Ys| for
almost all (w,t) € QxR . The equality (2.13) implies that lim,, . F},(w,t) = E[Y}|-Z].
Hence E[Y:|.%] is Z5 @ (R )-measurable since F,(w,t) is .F; ® B(R, )-measurable.

Moreover, since E[|Y;||-%;] is nonnegative and also .%; ® #(R,.)-measurable by the

same argument as above, we see from (2.10) and Fubini’s theorem that

b
0< // E|Y||Z.] dt x dP(w) g/ B[V dt < oo.
[a,b]xQ a

Therefore E[Y;|- %] is integrable on [a,b] x €, and by Fubini’s theorem again, we see
that fab E|Y,|.Z] dt is Fs-measurable and

E K/:E[mys] dt) 14 - /abE[mA] dt = E K/:Ytdt> 14

for any A € #,. This implies the consequence. O

Proposition 2.6 Let g be a C?"V_class function whose derivatives up to 2(1 + 1)th
are of polynomial growth. Assume that the coefficient a(x),b(x) and c(x,z) in (2.2)
are C*%-class functions whose derivatives with respect to x up to 2lth are of polynomial
growth. Furthermore, assume that sup, E|X;|P < oo for p > 0 large enough. Then the
following expansion holds fort > s and A =t — s:

l

»Lj A puy uy
Elg(X)|F] = ZAjﬁg(Xs)"‘/O/O"'/O E[Ll+19(Xs+uz+1)|fgzs] duy - -+ dugyq.

J=0

Proof0 Note that all the stochastic integrals with respect to the Wiener process w
and the random martingale measure r which appear in the sequel become martingales
from the assumptions: see Protter [82] for details.

It follows by Ito’s formula, Proposition 2.5 and a martingale property that
t
Elg(X0l#) = g(X)+ [ ElLg(X)|Z) do

= g(X)+ / E[Lg(X,2.)| 7] dv.
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Applying Ito’s formula to Lg(X,s), we have

Elg(X017,] = g(X,) + ALg(X /Q/ EIL2g( Xy )] durdo.

Applying Ito’s formula again to L?g(X,, ), we have

Elg(X)\ %) = g(X,)+ALg(X /t/LQ ) durd

A v
+/ / / E[L3g(Xu2+8)] dusdu,dv
o Jo Jo

= g(Xs)+ALg(X )—l—A

—Lg(X,)
/ / / B[L*g(Xyyts)] dusdudv.

2
In this way, we can obtain the consequence by the induction. O

2.4 Ergodic diffusion processes with jumps

In the statistical inference, the assumption of an ergodicity of the processes is sometimes
important to investigate the asymptotic behavior of estimators. Actually we assume
an ergodicity of X to (2.2) in Chapter 3 and 4.

General ergodic theorems for Markov processes are usually described as the combi-
nation of two kinds of theorems. One is on the existence of the limit in probability of

the time-mean:
lim — f(Xy) dt, (2.14)

where X is a stochastic process and f is a measurable function. The other is on the
existence of the limit for a transition probability p(¢, x, A) of a Markov process or its
time-mean:

A
lim p(T,z,A) or lim T/ p(t,z, A)dt, (2.15)
0

T—o00 T—o0

and the cases where these limits do not depend on the initial state X, are of major
interest.

In this thesis, we often assume the former ergodicity (2.14) of diffusion processes
with jumps. This is so-called the weak law of large numbers for a stochastic process
X.
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Let X be a solution-process to (2.2) and p(t, z, A) be a transition probability defined
by

p(t,z, A) = P{ X € A| X =z},

where A is a Borel subset on R? and ¢,s > 0. Since X is a Markov process, the above
p(t, z, A) is independent of s because of the Markov property of X, and the distribution
of X is uniquely determined by p. In particular, if 7 be a probability distribution of
the initial value Xy then 7T} := [ p(¢, z, A) w(dx) is a probability distribution of X; for
each t > 0.

The distribution 7 is said to be invariant if and only if the equality 77} = 7 holds for
all t € R,. The existence of the invariant measure for a Markov process is essential in
the ergodic theory since the limit (2.14) is written by a kind of integral by the invariant
measure. Moreover, note that if the initial distribution 7 is invariant then all of the
distributions of X; for each ¢ > 0 is also m, that is, X is stationary. Hereafter we use
the word “stationarity” in this sense. Such 7 is also called the stationary distribution.

Now let us give the definition of the ergodicity in this thesis of a solution-process

0 (2.2).

Definition 2.3 Let X be a solution-process to (2.2). The process X is ergodic if and

only if there exists an invariant measure w such that

/thdt—> f@)n(dz) (T — o)

for any m-integrable function f defined on RZ.

This might not be a general definition of an ergodicity but the one we require as
an assumption in the later chapters. However it is generally difficult to check this
ergodicity for general diffusion processes with jumps. Nevertheless we can find some
sufficient conditions of the ergodicity for some special diffusion processes with jumps.

Meyn and Tweedie [71, 72| gave a general ergodic theory for general Markov pro-
cesses, and one could find some ergodic jump-diffusions in above sense by investigating
their papers carefully. Applying their theory to jump-diffusions (2.2) in which the co-
efficient of the jump part has the form c(x, z) = {(x)z for a function ¢, Masuda [67]
provided more explicit conditions for the ergodicity. For example, the irreducibility,
Foster-Lyapunov criteria, the stationarity and some moment conditions with respect
to the invariant measure 7 yield the exponential ergodicity which is stronger than the

one in our sense. Moreover, Masuda [66] says that Lévy driven Ornstein-Uhlenbeck
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processes can be ergodic under some mild conditions. Otherwise, some stability condi-
tions, that is, the irreducibility and Feller property, yield the positive Harris recurrency,
and they deduce 1/T fOT f(Xy)dt — [ f(z)dr P-almost surely. One can find this re-
sult by the combination of the results in Kwon and Lee [56] and Meyn and Tweedie
[71]. Considering the above facts, we shall give some examples of ergodic diffusions

with jumps.
Example 2.1 Consider multidimensional Lévy driven Ornstein-Uhlenbeck processes:

where 6 and a are also multidimensional parameters, z{* is a Lévy process with a
Lévy density fy satisfying [, [2]?fy(2) dz < oo for some ¢ > 0. This is one of the
most important models in applications. In this model, it is known that there exists
the unique invariant measure 7 such that [ |z|?dn(z) < oo, and X is exponentially
ergodic if 7 is the initial distribution. See Masuda [66] for details.

Example 2.2 Consider the following 1-dimensional SDE’s with a multidimensional

parameter 6, and o, 09 > O:

~1/2

AX, = b(X,,0) dt + |1 (1+ X2) "% + 03 dwy + d2f, (2.17)

If 2% is a compound Poisson process with [, 2?fy(z)dz < oo then X is irreducible,
and if the Foster-Lyapunov criterion: 2xb(r) < —rz? for some k > 0 is satisfied for

sufficiently large |z|, then X is exponentially ergodic.
Example 2.3 Consider the following SDE’s with one-dimensional parameters:
dX; = 6, X, dt + o dw;, + 0, X, dz0, (2.18)

where 0 > 0 and 2 is a compound Poisson process with [ 2%fy(2)dz < co. X is
ergodic if the Foster-Lyapunov criterion: 26, + 63 [, 2° fp,(2) dz < 0 is satisfied.






Chapter 3

Parametric estimation in finite

activity models

This chapter is devoted to the parametric inference for finite activity jump-diffusion
models. We construct a single contrast function to estimate parameters in the drift,
the diffusion and the jump part jointly. The contrast function has two parts: one is
the log-likelihood of a local Gaussian process, which is the direct discretization of the
log-likelihood of an usual diffusion process and corresponds to the contrast function for
parameters in continuous part of jump-diffusions. The other is the contrast function
modeled after the log-likelihood of Poisson random measures. The key idea is the
jump-judging procedure, which is described in Section 3.2.2, and this idea would be

also the key in whole of this thesis.

3.1 Setting of the model

Let us consider a d-dimensional solution process X to the following stochastic differ-

ential equation with jumps on a filtered probability space (§2,.%, (:%)i>0, P):

dX; = a(Xy,0)dt + b(Xy, 0) dw; + / c(Xi—, 2,0) (p — qo)(dt,dz), (3.1)
£ :
Xo = o,

where € = R\ {0}, 6 € © C R™, ¢ € Il C R™ are parameters, and a = (0, 0)
belongs to a parameter space = = © x II which is a compact convex subset of R™! x
R™2. Let m = my + may. (w)i>o is an r-dimensional Wiener processO p(dt, dz) is a
time-homogeneous Poisson random measure on R, x R?, and gy(dt, dz) is its intensity
measure, that is, Elp(dt,dz)] = qo(dt,dz). We set go(dt,dz) = fp(2) dz dt and fp(z) =

31
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A(0)Fy(z), where A(f) is a strictly positive and bounded function of ¢ and Fy is a
probability density. The coefficients a and ¢ are known R%valued Borel functions
defined on R? x ©, R? x £ x © respectively, and b is a known R? @ R"-valued Borel
function defined on R x II.

One of the most simple but important examples of one-dimensional case is written

as follows:

dX, = a(Xy, p) dt + b(Xy, o) dw, + &(X,_,9) dz?, (3.2)

Y is a Lévy process with parameter o). This belongs to the class of (3.1) with

where 2
c(x,2,0) =¢(x,0)z, a(x, ) = a(x, 1) +/c(x,19)zf,9(z) dz and 0 = (u, V).

We study estimation of the parametegr a = (0,0) from discrete observations. For
that purpose, we observe n + 1 data {Xty}?:o, t = ih,, and show the consistency and
the asymptotic normality of an estimator under the rapidly experimental design such

that h,, — 0, nh, — oo, nh? — 0.

3.2 Discussion and conclusions

3.2.1 Assumptions and examples

We make the following assumptions.

A 1 There exists a constant L > 0 and a function ((z) which satisfies |((2)] < C(1 4+
|21)¢ for a constant C' > 0 such that
|Cl(l‘, 90) - a’(y7 00)| + |b(9§'7 00) - b(y7 00)| < L|$ - y|7
|e(x, 2,60) — c(y, 2,00)] < C(2)|z —yl, ez, 2,00)] < C(2)(1 + |z]).

A 2 The process X is ergodic and stationary for a = aqg with an invariant measure

in the sense of Section 2.4.

A 3 For everyp > 1,

sup E[| X|7] < o0.

>0
A 4 For fizred 0 and o, the derivatives da(z,0) and O-b(z, o) (I = 1,2) exist on R? and
they are continuous in x. Moreover, for fived x, the derivatives dya(z,0) and 8\b(x, o)
(I = 1,2) exist on © and 11 respectively, and a, b, and their all derivatives are of

polynomial growth in x uniformly in o for 1 =0,1,2,

|0ha(x,0)], |05b(x,0)|, |9pa(z,0)], |05b(x,0)] < C(1+ |2])°.
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A 5 inf|c(z, 2z,00)| > co|z| for some ¢y > 00

A 6 There exist constants r, K > 0 and v > 3 such that fo,(2)1q.<ry < K|2|7, and
that

sup/ |2|P fo(2) dz < o0
£

0cO

forallp > 1.

A 7 For each 0 and x, the mapping z — y = c(x,2,0) has an inverse z = ¢~ (z,y, 0)

which s differentiable with respect to y, and we set
To(y, ) = fo (' (2,9,0)) J(,y,0),
where J(x,vy,0) is the absolute value of the Jacobian of ¢~ *(x,y,0).

A 8 The matriz §(z,0) := b(z,0)b*(z,0) is a positive definite and inf det B(z, o) > 0.

A 9 The function Vy(y,x) is differentiable with respect to x and y, and three times

continuously differentiable with respect to 6, Moreover we assume that

|06 Wo(y, 2)| < Li(y)(1 + |2 (k=0,1,2,3), (3-3)

0:0hWo(y, 7)| < La(y) (1 =0,1,2), (3.4)
where Ly and Lo are bounded and dy-integrable functions. Furthermore,

10,05 Wo(y, x)] < C(1+[yN (L + |2 (1=0,1,2), (3.5)

/Sup }ag IOg \Ifg(y7 .Z’) ’ \1190<y7x)‘ dy < C(l + |x|>C (k =0,1,2, 3) (36)
[4

A 10 The following identifiability condition holds: o = oq if and only if det 3(x,0) =
det B(x,00) for almost all x. Moreover, § = 0y if and only if a(x,0) = a(z,6y) and
Uy(y,x) = Wy, (y, z) for almost all x and y.

A 11 A sequence of real valued functions {on(x,y)}nen satisfies the following proper-
ties: 0 < ¢, <1 and ¢, — 1 dy x dm-a.s. as n — oco. There exist some M > 0 such
that

1 if (z,y) € {;gg)%(yw) >M

QDn(J}',y) =
0 if(z,y) € {inf Uo(y,z) < e,
90

)
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where €, = by /10 for a sequence b, satisfying b, — oo, nh2b, — 0 and b;; — 0.
Moreover, "
D [0:pu] + sUp |0y pn| = O(e, ), (3.7)
and
Optpn = Oy, =0 on {ellelg Uo(y, z) < 5n} ) (3.8)

Let us give some examples of Wy(y, x) and check conditions in A9.

Example 3.1 We consider the following one-dimensional stochastic differential equa-

tion.

dX; = a(X;)dt +b(X;) dw; + c(X,_,0)dz?, (3.9)

0

where 27 is a Lévy process with Lévy density fp(z). We assume, for some M, K > 0,

1
C([L’,Q) = E, fg(Z) = MZQ(K — Z)IB]-{OSZSK}a

and 0 = (¢, a, ), where «, 3 > 3.

To(y,x) = Me(cy)*(K — cy)”,
log Wy(y,z) = logM + (a+ 1)logc+ alogy + [log(K — cy).

Noticing the parameter space © is compact, it is easy to verify (3.3) - (3.5). Moreover
all [ supy |0F log Wy(y, x) - W, (y, z)| dy become finite, so (3.6) is satisfied.

Example 3.2 For SDE (3.9), we suppose that supp(fs) C R, and

1 _a
c(z,0) = o fo(2)Ljoczcmy = € z1{0<z§M}

and put 0 = (¢,7), where ¢ > 0, v > 0 and M > 0. It is easy to check A9 in the

neighborhood of the origin since

Uy(y,x) =e o, logWy(y,z) = _%

on the set {0 < z < M}.
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Example 3.3 For SDE (3.9), we suppose that

1 &}
cle,0) = folz) = pre’ e

I'(B)
and put 6 = (¢, a, 3), where a > 0, 3 > 4. Then

ab
Hl D = )

logWy(y,x) = [loga—logl(B)+ (6 —1)logcy — acy.

(Cy)ﬂ—le—ozcy7

Then
05 Uo(y, )|, 100 (y, )|, |0,05¥e(y,x)]

are all dominated by C (14 |logy|)y® eV for some C > 0, # > 0, o/ > 0, so

Conditions (3.3) - (3.5) are satisfied. Moreover we obtain
sup |5 log Wo(y, )| < C (1 + |yl + [logy]).

This implies (3.6).

Under Conditions Al and A6, the stochastic differential equation (3.1) can be

rewritten as follows:

dX, = a(X,,0) dt + b( X, o) duwy + / (X, 2,0) pldt, dz), (3.10)
&

where a(z,0) = a(z,0) — / c(x, z,0) go(dt,dz). This expression implies that X follows
£
diffusion process dX; = a(Xy,0)dt + b(Xy, o) dw,, in the interval in which no jump

occurred. We start with the stochastic differential equation (3.10) to construct the

contrast function.

3.2.2 Contrast functions and efficient estimators

Now we present a contrast function for estimating parameters. In Section 2.3, we show

how to obtain it.

1
< p < =, we define the contrast function l,(«) as followsO

Definition 3.1 For <
v+1 2

Ln(a) = 4(8,0) + 1.(6),
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where

n

_ 1 _ _
l(a) = o Z(Xi,n>*(9>ﬂi_—11(U>Xi,n<9>1{\AiX"|§hﬁ}
moi=1

"1
-3 5 logdet Bi-1(0)1qa,xn<nty
=1

ln(Q) = Z{logq)n(evXt;ll)Aan)}gpn(Xt;llaAan)1{|AiX"|>hﬁ}

i=1

- hn Z / q)n(ea thilay) dya
=1

Xi,n(e) = Xt:’ - Xt;-ll - hndi—l(e)a (I)n(ev x, y) = \Ifg(y, l')gOn(Ilf, y)

Intuitively speaking, this contrast function is very natural since [,(a) corresponds
to the contrast for an usual diffusion process, and l;(é’) does to the discretization of
the likelihood function of an compound Poisson process with Lévy density fy.

Our main theorem is the following. The proof will be presented in Section 3.5

Theorem 3.1 Under Conditions Al to A11 and nh,, — oo as n — ool the estimator

&, which satisfies
ln(é) = sup b, ()
a€E=E
18 consistent:
R
Gy, — ap  (n — 00).

If, in addition, nh? — 0 and the true value oy is in the interior of 20 then

(Vo = 00), V(6 = 00) )~ Noul0, K7,

K
K = 1 0 )
0 K,

K = / (p,@)" 8" (9, ) (, ) d”+//

1

KPY = S / tr[(05,)57 (95,,8)57"| (2, 00) dr.

where

99, Vo, 0p,, Vo,

T, (y,x)dydm,
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Remark 3.1 We impose Assumption A6 in order to show the asymptotic results under
the asymptotics nh? — 0. However we can relax A6 to, for example, “fy, is bounded”
if we impose a more rapid experimental design as nh}*® — 0 for a 6 € (0,1). The

setting in Chapter 5 is such a case.

Remark 3.2 We use a truncation function ¢, to ensure the P-integrability of the

logarithm term and its derivatives with respect to parameters. If we knew

sup E 9,05 log Wy (A X", Xy )| <00 (1=0,1,2)

i\n

by some reasons, ¢, would not be needed, however ¢,, is needed generally.

Remark 3.3 This result can be applied to pure jump type processes with b(z, o) = 0,

that is, X is a solution process to the following stochastic differential equation:

dX; = a(Xy,0) dt + / c(Xi—, 2,0) (p— qo)(dt, dz).
E
The contrast function of jump part is similar to the non-degenerate case since we es-
timate jump parameters from only the number of jumps and their amplitudes. For
diffusion part, however, we can not make use of [,(a) any more because we can not
approximate the path of X by the local Gaussian approximation in the no jump in-
tervals. We can overcome this difficulty by estimating drift parameters as least square

estimators, that is,

n

_ 1 _

I(0) = BT (Xin)*(0)Xin(0)1gja,xn1<nry
=1

In this case, 6,, has also consistency and asymptotic normality with asymptotic variance

(00) 0o, V9,06 , Vo, ,

K, KP?9 = \Ij—(y,x) dydr. The proof is the same as for the non-
0

degenerate diffusion case. ’

Remark 3.4 The asymptotic efficiency for 6, is obtained since K is the asymptotic
variance of the estimator for the continuously observed ergodic diffusion processes with
jumps; see Sgrensen [99], which discusses the inference for diffusion processes with
jumps from continuous observations under the setting which includes the non-ergodic
case. Particularly, when you compute the asymptotic variance in the ergodic case, it
could be clearer to refer Section 3 in Barndorff-Nielsen and Sgrensen [11], which is a

review of the general likelihood theory.
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3.2.3 Construction of contrast functions

In our setting, the observed data are discrete, hence we have to decide whether jumps
occur or not in an interval from only the increment |A; X™|, although that is a stochastic
decision which may sometimes include some misjudgments. This criterion should be
chosen depending on n, and increase the accuracy of judgements as n tends to infinity.
The way we will take is the following: for p € [0,1/2), if the increment exceeds h? in
an interval then we regard it as the interval in which a jump has occurred and if not,
as the interval in which no jump occurred. This is because the increment of a diffusion
without jumps exceeds hf with small probability, and the increment of a diffusion with
a single jump also exceeds hf with a large probability. Although they are intuitive
argument, these are justified by Lemma 3.2 described below.

The value p has to be chosen carefully. For instance if p is too large, and therefore
h? is too small, the probability of getting the increment h? by the continuous diffusion
can not be ignored, on the other hand, if p is too small, and therefore h? is too large,
we cannot ignore the probability of getting an increment less than h? when a jump
occurs in an interval. Later we will choose p as 2/(v+ 1) < p < 1/2.

First, we state the well-known Grownwall’s inequality. This lemma is often used in
this theses.

Lemma 3.1 (Gronwall’s inequality) Let f(t) and g(t) be continuous functions such
that g(t) > 0. For a function u(t), suppose that

ult) < f(t) + / g(s)u(s) ds,

fort > c. Then the following inequality is valid: for t > c,

t t
) < 10+ [ atoreen ([ o) as
The following result and its idea is the key throughout this thesis.

Lemma 3.2 Define random times 1" and n} as

7 = inf{t € [t} ,t!);|AX,| >0},

i—17 %%

nt = sup {t € [t} ,,t});|AX,| > 0}.

i—17 Y

If the infimum or supremum on the right hand side does not exist, we define the random
times as t?'. Assume Conditions A1, A3 and A6. Then, for any p € [0,1/2) and any
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p=1,
‘F)in—l { sup |Xt - Xt;L71| > hfL} = R(OK, hz, Xt?—1>’ (311)
tefty_1,7")
Py { sup |Xt7 - Xy > hﬁ} = R(a, hﬁathil)a (3.12)
te[nl )

where R is given in Section 1.3, and each function R does not depend on 1.

Proof0 Firstd we show (3.11)00 On the interval [t |, 77*)0 X follows the stochastic

differential equation
dXt = d(Xt) dt + b(Xt) dwt,

hence for ¢ € [t ;,77")0

i—17 14

t t

(t— 17 )a(Xe )+ / @(X.) — a(Xy ))ds + / b(X,) du,

n n
ti*l ti*l

/ b(Xs) dwy
7

1—1

|Xt - Xt;(l71| -

t
- L/ X, — X || ds.

t

< hala(Xp )[4 sup

u€th )

n
i—1

Gronwall’s inequality yields that

X=X, | < hafalXe )+ s

u€t? | ,t7)

| wxau.

n
i—1

[ wexao.

n
i—1

+ Le™h, <hn|d(Xt;zl)| + sup

u€tl_|,t%)

) , (3.13)

therefore Markov’s inequality and Burkholder-Davis-Gundy’s inequality yield

If n is sufficiently large[] we obtain that

uEty 1,th)

| wxdu.

n
i—1

Py { sup | Xy — Xip | > hg}
te[

n n
e 17])

| vxdo

—1

hP
< P, {Chn|a(th )l > —”} + P, <C sup
i 2 €t | )

i—12"%

IA

Cy OB, [la(X )] + 2 Bry | sup

uEth )

i
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p]

We used Lemma 3.5 (3.17) in the last equality. We should notice that one can take p

i
/ v (X,)ds
t

n
1—1

< R(a,h27) X )+ Cph PP E

= R(a, ') X ).

arbitrary larger here.
The almost same argument holds for (3.12)0 ActuallyO for ¢ € [nP, t)0

X — Xy| = ‘(t?—t)a(xtw[(a()g) —a(xt>>ds+/ti b(X,) duws| .

) , (3.14)

By the same argument as (3.11)

+ sup

u€tl | ,t7)

X — Xy < C <hn|a(Xt7)

[ wxao.

n
i—1

and then,

Pin_l { sup |thb — Xt| > hfL}

tem,t})

w
/ B(X,) ds
t

n
i—1

< G {hﬁ(l_”)E?_l [|a(Xe)P] + b, PP BT

It

By these facts, the probability whether the value of |A;X"| exceeds h? or not is

Lemma 3.5 (3.17) completes the proof. O

evaluated in the next lemma. In the following discussion, let J!* be the number of

jumps in the interval [t]" ;, ") and we set

2 2
{axm < Lhey = Jor, {laX" > Ly ={JDr

Z7j’
J=0 J=0

where

Cro = {J} =0, |AX"| < LhS},
Cry o= {J' =1, |AX"| < Lhg},
Cly = {JI' =2, [AX"| < Lhj},
Dy, = {J' =0, |AX"| > Lhf},
DYy = {J'=1, |AX" > Lhp},

Dy = {J}>2, |AX"| > Lhp}.
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2
Lemma 3.3 Assume Conditions A1, A3, A5 and A6. Let ] <p<
f}/
the constant given in condition A6. For any p > 1, asn — oo

~ wh ;
5 Where 7 is

P {Cho} = e—thnR(a ht, Xt;g)» P {Dlo} = e " R(a, b, Xt;-ll)a

) n’ 7 Y n’

Pr{Cr} = R(a, B3, Xy ), Pr{Dh} = Nohne M R(a, B2, X ),

9 n’ Y n’

Pr{Cy} < AR, PR (DI} < A3,
where R and R are given in Section 1.3,
Proof 1t is obvious that P ,{C}’,} < h2A}, and so is P/ {D},}. On C},
P {Cr)

< P { )(th _Xri”) + (XTZI__XWA) + AXT,L-"

S hga }AZ‘F"‘ > %“Fzﬂ—la J' = 1}
i o

2

P{J; =1},

2

+P{}Azrn‘ < %\ff_l,ﬁ = 1}
7 CO

where Az;» has density Fp,. If ‘(Xt? — Xon) + (Xono = Xyn )+ AXon| < Af then

7

|thn - XTlnl + |X7—in_ - Xt?71| > Co ‘AZTZn

p
_ hm

hence, applying Lemma 3.2, we have

teftl ) te[r t]

PLACHY < Xohpe B { sup | Xy — Xpn |+ sup | Xy — Xif > hﬁ}

Qhﬁ/co
+ Aohpet0hr / M|z|" dz

—2hf, /co

= R(a,hb, Xy )+ CREOTIH

) n

= R(Qf h3 Xt;-ll)'

Y n?

On €7, applying Lemma 3.2 againl] we have

Pr{Cr} = PR =0} — PP {|AX" > ke, I =0}

= = P {1 — X | > 0,7 =t
= e MM R(a, hP Xin ).

Y n’

Finally,

‘Pin—l{DZO} = Pin—l{‘]in = 0} - ‘Pin—l {Cz??o
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= e MM R(a,hE, Xpn ),

) n

and

PUADLY = PR =1} = P {|AXT < hf, J = 1)
= Aohne " — R(a, b, Xin )

) n’

- )\Ohne_AOhnR(aa h721’ Xt?—l)' .

This lemma implies that we can judge the interval [t ,¢) has no jump if |[A; X™| < h?
and the interval has a single jump if |A; X™| > h?, and that we can ignore the events

n’

which include more than two jumps in the interval.

Remark 3.5 One can easily find in the above two lemmas that the ” jump-judgement”
threshold; h? can be replaced by Lh? for any constant L > 0, and the main result in
this chapter; Theorem 3.1 is of course valid for such thresholds, that is, the asymptotic
behavior of estimators are invariant for any constant L > 0. However here we consider
only the trivial threshold as L = 1 since we are interested in the asymptotic inference
in this chapter. It would be a big problem in practice that how we choose the suitable
L in addition to p according to the sample size n. Such a practical problem will be
discussed in Chapter 6.

Let (zt)t>0 be a compound Poisson process which is independent of w and has the
form z, = 3. ;0 where (V;);>0 is a Poisson process with the intensity ()0 (&;)ien
is a sequence of d-dimensional random vectors which are independent of each other and
identically distributed with density Fyp(x). N and (g;);en are also independent of each
other. In our setting, the random measure p can be regarded as the one associated

with the process z; see Chapter 2.

p(dt,dz) = Z 1{Azs¢0}1(s,Azs)(dt, dz).

s>0

Hence if the flow z. has a jump of size z at time ¢, then X will have a jump of the size
c(X;_, z,0) at the same time.

Now let us discuss the approximation of the transition probability. First, we con-
sider the transition probability from X to X in the case of single jump in the
interval [t ,,t7). We set 77" := inf{t; |AX,| > 0, t7; <t < t!}. Since no jump occurs
in [t8,, 7"

)

), we approximate the transition by the one of

XTin_ = thil + C_LZ'_1<7—Z-n - t?—l) + bi—IZJ
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where Z ~ Ny (0, (77" —t_,)I). The above X is not the same as the solution process to
(3.1), but the above X;» has the same value as the one of (3.1). Next, since we suppose
that no jump occurs after a jump at the time 7, we can take the same approximation

as above in |77, 1), that is,
X = Xon_ +a(Xpn ) (8] = 7") + 0(Xn) Z' + c(Xpn_, Azpn),

where Z' ~ Ny(0, (t? — 77*)I). Let ¢(x; A, B) be a Gaussian density with the mean
vector A and variance matrix B. Since the distribution of the jump time 7" conditional

on {J" = 1} becomes the uniform distribution on [t} |, t}),

PP Xy € AT = 1}/P{J;L —1)

//z/x’ /: _¢ oy Xip  + Qi (5 — 174, Bia(s —t?_1)> X

X ¢ (z;2 + (2!, 2) +alx’ + (2, 2))(tF — 5), B(x' + (2, 2)) (] — 5)) %
F(z2)dsdz'dzdzx.

We denote by pgn(x) the above probability density function. Secondly, using the local

Gaussian approximation for J' = 0O
P {Xm € A, J" =0}/P{J' =0} = /Agb (2; Xen + Gi—1 by, Bhy) d
We denote by pf,,(z) the integrand in the right-hand side. Finally,
PrAXy € A, T 22} = O,(R2).
Since

P' Xy € A} = PP {Xy €A, J'=0}+ P {Xp € A, J' =1}
+ P { X € A, J > 2}

2

=0
and by Lemma 3.3, we have the following relations:

P {Xw € A, Cly} = €_A°h"/ Ljo—xi \ghz}pf,n(x) du,
A

P { X € A, C1} P {CH} =0 (hs)

Pﬁl{Xt" € A, sz} = Op(hi),
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P! {Xy € A, Dy} < P{D}y} = Oy(hy),

,Pin_l{th c A Dnl} = )‘Ohne_)‘oh”/Al{x—thn1|>hﬁ}pgn(x) dl’,
P {Xy € A Dy} = Op(hy).

Therefore we can approximate the transition density p; () by

logpz,n(«r)
R 1{|m—Xt;L71|§h£’L} log (pf,(z)e ") + 1{|m_xth|>hz} log (pf,,(x)Aohne ") .

By the way, in the expression

t7l
pm /// —¢ a's Xon +ai—1(3_t?—1)>ﬁi—l(3_t?—l))X
! t7l

X ¢ (z;2 + (2, 2) +a(x’ +c(2',2))(t} — 5), B(a" + (2, 2))(t} — 5)) X
X Fp,(2)dsdx' dz,

we can approximate ¢ to d-function if h,, decreases rapidly, and then

Q

Pl (x)

/ / Sx ()30 ela 2)) By (2) da’ dz
_ / / Sxn (@10 (9)Fiy (7 () (', . 6) da’ dy

= Fgo (C (Xt?,px - Xt?,1>) J(Xt;LI,JI - thnil, 60)
= )\O_l\Ilgo(x — Xt?,pXtZZl)‘

Moreover, since A(f) = // Wo(y, z) dy dm, A(#) can be approximated by the data as

1 n
EZ/\IJH(vat71)dy7
=1

thanks to the ergodicity of X. These considerations lead the contrast function in
Definition 3.1.

3.3 Moment estimates in the finite activity case

In this section, we introduce some useful moment inequalities, and they will be used
repeatedly in the proofs below.
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First, we prepare some notations. We consider the following inequality which is

immediately obtained from the expression of the stochastic differential equation (3.1):

t
/ a(Xs)ds
Gy

for a constant p € N,

p

+

p

t
/ b(Xs) dws
t7l

}. (3.15)

|Xt—XtZil|p = 3p_1{

t
+ / / (Xoes2) (p — q)(ds, d2)
e
Let
t p ¢ p
H o= / a(X,)ds| + / b(X.) duw,| |
ti—1n t?71
t
M, ::/ /C(Xs_,z)(p—q)(ds,dz),
[
and also

t
N [ [l 2 0 - ods. ),
i
We obtain the following lemma.

Lemma 3.4 Assume Conditions A1, A3 and A6. Forp=29 qe N, tI | <t <t

//t;1 |C(XS’Z)|pQ(dS,dz)] .

Proof] This proof follows from Bichteler and Jacod [13].
By using Doob’s inequalityl]

EL M) < GoEE,

n
Ei—l

sup |M3|2] < AR [|MP] < AET [[(M, M)4]

tn <s<t
¢
// |C(XS,Z)|2 q(ds,dz)| ,
7,

hence Lemma 3.4 holds for ¢ = 1. Next we suppose that Lemma holds for p = 29. We
notice that [M, M|, = N, + (M, M),O for all p € NO then

IA

4B,

[[M, M,|? < 2P H(INP + (M, M),|P).
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Using the Burkholder-Davis-Gundy’s inequality and the above inequality[]

By [|M]*]
< GEL NP+ (M, M)Y]

// () qlds, d) + (// XS,Mdsdz))].

Applying Jensen’s inequality to the last second term, we have

//tt |C(X87Z>|2PQ(d8,dz)] ,
O

Lemma 3.5 Assume Conditions A1, A3 and A6. For2 <k, keN, t e [t"

< C,E,

Ey [IM[*] < G E

Therefore Lemma holds for p = 29+,

#10

i—17 "%
B 1% = X [F] < Gult = 2,01+ X D (3.16)

If g is a function defined on R? x = and is of polynomial growth in x uniformly in o,
then it follows that

By [lg(Xe0)l) < O+ X, )E. (3.17)

Proofd First, we consider the case p = 29, ¢ € N[O Let us notice the inequality
(3.15). Applying the linear growthness of a, b and Burkholder-Davis-Gundy’s inequal-
ity, we easily obtain that

t
@mwsq#4LWM+wmm+@/

n
tif 1

E", [|Xs . Xt¢71|p] ds.  (3.18)
Applying Lemma 3.4 and the linear growth of ¢(z, z), we obtain

t
B M) < Cylt = 6,10+ X )P4 Gy [ B (1= X ] ds. (329)
t

n
i—1

the inequalities (3.18)0 (3.19) and the Gronwall’s inequality yieldO for all ¢ € NO
By [1X = X 1P| < Gylt — 11+ [ X 1)

For arbitrary k > 2, if we write k = Z;:o 0429 by the binary expansion, where d, = 0
or 1 then

Ezn—l [|Xt - Xt;l1|k] = Ezn—l

l
H |Xt - thil |6q2q] .

q=0
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Therefore we obtain the inequality (3.16) by using Cauchy-Schwarz’s inequality repeat-
edly.

On (3.17), we can write

B lg(Xia)]l € CEL [(1+1X0)°]
< O (11X, I+ B 1% - X [9])).

and (3.16) ends the proofl] O

Remark 3.6 If we take the same argument as in the proof of Lemma 3.5 then we
obtain the following moment inequality: let £ > 1, ' | <t <tI'. For any p > 1,

E! |Xt—Xt;71|k1030} < Cilt — 7 |*Pe™ M (14 | Xpn )" + R(ov, hE, X )(3.20)

Lemma 3.6 Assume Conditions A1, A3 and Aj - A6. Let X;, = X — Xpm | —
hnc_li_l(eo). For all ]Cj = 1,2, . ,d (j = 1,2,3,4),

E, [Xf’if’lcn = R(a,h?, Xpm ), (3.21)
By [XODK 8 e | = hae g5 4 R(a, B2, X ) (3:22)
By [XWXEIX 010 | = R h2 X ), (3.23)

Em . [X(kl)X(kz)X(k3)X(k4)1 ]
1— 1,0

_ h2€—)\ohn (ﬁz(fll’kﬂﬁz + ﬁzkl k3) ﬁZkQ Jka) + ﬁzkl ka) ﬁzkglks))
+ R(a, b3, X ). (3.24)

Proofd We prove (3.24); the others are done similarly[]

Let Y be a solution to the following stochastic differential equation
dYy = a(Yy) dt + b(Yy) duwy,

which is independent of J*. A simple calculation deduces the multidimensional case
of Lemma 7 in Kessler [50], that is,

E‘n—l [Y(kl Y(k2 Y (k3) Y(k4 }

n ,n n mn

_ h2 <ﬁ (k1, k2)ﬁ (k3,k4) + ﬁzkl k3) ﬁsz ka) + ﬁzkl ka) ﬁ/@lk:’,))
+ Rla, b3, X ). (3.25)

Y n
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Since J* is independent of F* |, we have

I beberibeib el T

N 3

N ,n N mn

= Er, [Y(kl)y(k2)y( )Y(kzl)l{J?ZO}}
_ Ezn—l [Y(kl)y(kz)y(k3)y(k4 } P, {Jzn _ 0}

mn ,n mn mn

. 2 _—Xohn (k1,k2) o(k3,ka) (k1,k3) (k2,ka) (k1,ka) (k2,k3)
= hye gl gk glhule) glhad) - glkuk) gika
+ R(OK h thnil).

Y n’

On the other hand,

E', [X(kl)X(kz)X(ks)X( 4)1{J_n:0}]

m,n ,n N ,n

in iwn in i\n in i\n in iwn

B, [ | 4 B (XXX ]
According to (3.16) and Lemma 3.30

) [ (k1) X(k2 XkS X(k4 1D }

< e [<X§,il’Xf,’:f>X£,i3>X£,i4 2] P D)

IN

VELL [C(AXAE + Jaiahal)] P2 (D}
< R(a,h? th -

Tt

This completes the proof. a

3.4 Limit theorems and some remarks

The asymptotic properties of estimators are usually deduced from the asymptotic be-
havior of the estimating function. We therefore prepare some limit theorems for trian-
gular arrays of the data. Since we assumed the ergodicity for the continuous data such
as A2; the weak law of large numbers, this property is inherited to the discontinuous
array.

Our contrast function is divided into two parts, the discretization of the likelihood
of the continuous part and the one of the jump part. The limit theorems corresponding
to the continuous part can be proved as if the data are from a diffusion process, and
the proofs are similar to those of classical limit theorems for arrays by diffusion data,
see e.g. Kessler [50]. On the other hand, the limit theorems corresponding to the

discontinuous part; Proposition 3.4, are proved by a kind of complicated, but useful
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techniques. That argument will be used again in Section 3.5. In addition, we describe
some remarks, in which it will be described that those theorems can be applied to our
contrast functions.

In the sequel, we denote by b,, a real valued sequence satisfying

bn
b, — o0, nh2b, — 0, — — 0.
nh,,

There certainly exists such a sequence; e.g. if h, = n~2/3 then b, = n'/* and so on.

Proposition 3.1 Assume Conditions A1 - A3, A5 - A7, h, — 0 and nh, — oo.
Moreover suppose that g™ is a function: R x = — R which satisfies the followz'ng con-
ditions: |g" (z, a)|* < L(z,a), |0,9™(z, )| < O(Vb,)(1 + |2))¢ and 0.9 (2, )| <
C(1+|z|)¢, where L is a w-integrable function for all o, and that there exist a functwn

g for each o such that, as n — oo,
g (z,a) — g(z,a) m-a.s.
Then g is a w-integrable function and the following ()0 (ii) and (iii) hold as n — oo:

) sup| =3 gl @) - [ (o) mda)

P
— 0,

P
(ii) sup|— — 0,

a€Es

Zgz 1 1{\AzX"\<hp} —/g(x,oz)w(dx)

0.

(iii) sup

a€E=E

1 <
= > d @ sy — Ao [ g0 7l
" i=1

Proofd The m-integrability of g(x) is led from the uniform integrability of ¢ (z, a).
Let us prove that each convergence holds for fixed a. We start with the proof of (i)0

{2 .
>§}

1 n
S g (a) - / gz, ) n(da)| >
I w0
LY a0 == [ e s

=1
i=1

< r{

+rllt /nh” ™) (X, a) L™ e ayds| s €
nhn 0 g o @ nhn 0 g o @ 3
1 nhn €
+P{ nhn/(] 9(Xs, @) ds—/g(x,a)ﬁ(dx) > 5}




50 CHAPTER 3. PARAMETRIC ESTIMATION IN FINITE ACTIVITY MODELS

The third term on the right-hand side converges to zero by the assumption of ergodicity.

Let us call the first and second terms P! and P2, respectively, then

3 [ 1 [rhn
Pl < Z2p||= M) (@) — / (X, a)d
n — e n ; gz—l(a> nhn 0 g ( ) Oé) S
< ?’E_ 1 Z ﬂll(")(X ) — g ()| d
= ¢ ’n,h,n pa t/?il g s, & gi—l Q S|

Applying Taylor’s formula and Schwarz’ inequality, we see that

3w (7 >
1 2
b = e Zlft (E ['Xs_Xt?ﬂ' D
i= i—1

1 2
0

The inequalities (3.16) and (3.17) of Lemma 3.5 yield

(SIS

1

3 n t? 1
ros = [ (Blos—mla e )e]) X
nhne i=1 Yt

< (B[00 + x4y [9)]) as

O(\/E) - /t? 1/2
< — 7 d
~ nhn€ ; ( t;‘ll |5 7,—1| S
< OV hpby).
Moreover
3 nhy
PEs o [ B (X e) = ool

= 2 [1g"@0) - g(o. ] dr.

This converges to zero by Lebesgue’s convergence theorem.
Next we show the convergence (iii)00 What we should show are the following (a)
and (b) thanks to Lemma 9 in Genon-Catalot and Jacod [31]:

n o .
) S B, g§_>1<a>1mixu>hg}] Ky / o, @) dn(z),

nh
i=1 L

L1 n 2 P
(b) Y E", 7 (91'(—)1(0‘)) 1{AiX"|>h¢L}} — 0.
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:
.

(a)0 By the same argument as for (i), it is sufficient to show that

nhnp
I, = { E gi_ P 1{|AX | > hp} Ao h /0 g <X37a> ds

nh,, nh,,
— 0.

This is easily seen as follows:

"= e nh,, 4 ng

=1

i—1

n 1 n n n
(@) 7P {IAXT > B} = Mg ™ (X @)

tn
(n) n n
< Pro{|AXT > he) — A
= nhgz:/ (h Al | > hi} — 0)‘
+ Mo Elg" () — g™ (X, a>|] ds
< i/t? Elg™ (@)1 E | =P {|AX"] > W} — A
— nhae i=1 Yt o hn i Z ! ’

+ Mo Blgi () = g (X, a>|] ds = O(/Iubn).
Here we applied Lemma 3.3 to the term P, {|A;X"| > h2} and the same argument
as the proof of (i) to the term E|gi(f)1(a) — g"(X,, a)|.
8}

(b)0
|

n

LS (@) P a7 > 1y >

252
nh
nizl

1 - n 2 n n
< e '(g‘_><a>) e {|AXT] > 18}
=1
< Z gl Lp asxe s n|
- n2hn8 h, 1 ‘ "

o)

We can easily deduce (ii) for each fixed a from (i) and (iii) since

1<~ (n
Zg, @) Lyjaxni<nty = Y g"(a)—h (nh Zg, )1, Xn|>hp}> .
=1

Finally we have to show the uniformity of the convergence in . We only show

(i); the uniformity in (ii) can be proved similarly and that in (iii) is shown by the
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same argument as the proof of more general Proposition 3.4, so we omit the proof

here. Let s, (a Z g(n) ), and we regard this as a random element taking values

n (CE),] ). It sufﬁces to see the tightness of this sequence; see Remark B.1 in
Appendix B. Since we already showed the convergence of the marginal distributions of

sp(av), the tightness is implied by

sup B {sup |0 Sn ()]

< 0Q;
see Corollary B.1. And this is clear if we use the stationarity and Assumption A3. O
Remark 3.7 Below, we sometimes use (i) as

g (z, ) = /8§¢n(9,x,y) dy (k=0,1,2).

We are able to check the above conditions for these g™ by A9 and Al1l. Actually, for
these g™,

19", 0)] < ( [uw) dy) (1 + [2])°

from condition (3.3), and it is obvious that [0,g™(z,a)| < C(1 + |2[)¢ similarly.

Moreover,

IN

10,97 (2, )| / 0,05 a(y, ) - pu| dy + / 05 Wa(y, )||Bupnl dy
O (1 + [2])°

< O(Wba)(1+ |z))¢

IA

by (3.3),(3.4) and (3.7).

Proposition 3.2 Assume Conditions A1 - A7, h, — 0 and nh, — oo. Suppose that
a function g : RY x 2 — R and its derivatives 0,9 and 0,g are of polynomial growth

uniformly in «. Then as n — oo,

sup| Zgz_ XX iy = [ 90,0) 0% @) n(do)] 0

Q€= nh

fork,1=1,2,....,d.
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Proofd We set

1

n (k) v (1
G @) = ——gima () X3 X0 o 0mi<nty.

and show that

4, ::Z m e 2 [ ala.a) 80 () dr (),

B, = ZE& [(¢M(@)?] —o0.
i=1
Using (3.22), we have

n 2
1 n [ w® O
A, = e ;:1 gi—1() ]_E:O i |:Xi,n Xi,n]-C’i’fJ

- nh Zgi h € AOhnﬁ(kl +R(O‘ahi7Xt?71)

+Z ERX D10 | }

Here, for sufficiently large n, we have

)X <ney < 2{(h0)? + |G shal?} = R(a, h2, Xpn ).
Hence
2 1 n
n (k) (1) n n
n " Ez 1 [Xz,an,n]‘CfJ] S Znhn R(a7 h’n ’Xt?,l)Pi—l{Ci,j}
=1 7j=1 =1
= Op(hiﬁ_gp
Therefore, by Proposition 3.1 (i),
1 — B p
An = ==Y gima(@)hae G5 + Oy (ha) = / gz, )"0 () dn(x).
"oi=1

The convergence of B,, can be proved similarly as for A,,0
The proof of the uniformity of convergence is the same as for Proposition 3.1 (i),
that is, we set

1 < o (k) (1
sn(@r) = — > i1 (@) XX 1<y,
" i=1
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and using (3.24)0

IA

1 n
supE{sup|8asn(oz)|} — ZE[ (14 [ X | e ‘X th}}

(k) (l
< nh § E 2 “X X; J]
< ¢ E ElR(a, hyp, Xin )] < 00
>~ nhn a— y Ty AL .
This completes the proof. O

Proposition 3.3 Under the same assumptions as in Proposition 3.2,

.0

sup nh Zgz in1{|A Xn|<hf)}

a€E

fork=1,2,...,d as n — oo.

Proofd We prove the convergence for each « in a similar way as for Proposition 3.2.
Let

n 1 - (k
G'(a) = i '—1(OA)XZ-(,n)l{mixn\ghz}-

It suffices to show that

Au= 3B Q@) 500 Bu= 3B [(¢Ha)?] 0.

Using (3.21), we have
1 .
A = nhn;g" ZE@ e
= nzn ;gi—l(a) { (a,h2, Xen )+ Z [ 10" ] } :

Here, for sufficiently large n, we have

)Xi(,’;) <ney < hh 1| = R, b, X ).

Hence

ZnnzgZ Eyl[ lcn]

i=1

n

]' n n
< Znhn R «, th?,l)Pi—l{Ci,j}

7j=1 =1
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= Op(h};rp)-

Therefore A,, = O,(hy,). The convergence of B,, can be proved similarly as for A, 0
Next, we show the tightness of

> @)

i=1

Z@”(a) nh Zgz in La xn>nt}
=1

where (*(a) = ﬁgi (@) X5 ™) The tightness of the second term in the last right-hand
side is shown by the same argument as in the proof of Proposition 3.4 below. Therefore
we only show the tightness of the first term Y7, (*(«).

According to Theorem B.8 in Appendix B, we should verify the following criterion:

for any N € N and some positive constant H independent of n,

(Z <?<a>> <H, (3.26)

E (Zg‘f(al)— ‘;L(OQ)) < H|ay — an|?. (3.27)

/ / s, a)c —,2)(p—q)(ds,dz) — z:gZ n}

Therefore, the left-hand side of (3.26) is evaluated as follows:

(>co)
< Cy {E

nhy, Jo

( L™ s, a)dk)(X)ds)QN]
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B (m/ [ X ) (- q)(dsdz>) ]
+E ( Zgz ) ]}

Applying Jensen’s and Burkholder-Davis-Gundy’s inequality, we see that

E [(;Cﬁ(@) } < C'N{nllln /O“ 'E [G*N (s, a) (@M (X,))*] ds

1 r nhqy }
+7Z/ E [GQN(S,a)(b(k’])(XS))QN} ds
(Rhy )V H1 o
nhn

One can see that these all are bounded because of Assumption A30On (3.27), by using
Jensen’s inequality and Burkholder-Davis-Gundy’s inequality, we have that

2 [(@Z&ma - <f<a2>}> ]

< CN{n}ln /O"h"E {G(S,al)—G(S,az)}2N (a(k:)(XS))QN] ds

| — s
. W i/onh 5 {G(s,al) — G(s,an) }21\’ (b(k:,j)(Xs))2N] ds
nh (nh,)NF1 / /

a1 — ag]
2N
+= Z E { ~ giala )} {a v L. (3.28)
|041 — o
Since d,¢ is of polynomial growth uniformly in «, we have

|G(s, 1) — G(s, )
|y — s

{ s,a1) — G(s, a2>}2w (Cuﬂ)(XS_,Z))?N] q(ds, dz)

|041 - Oéz|

< Zsup|aagi—1(a)|1[t?,pt?)(3)
=1 ¢
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< DO+ 1Xe 1) ap(9),

i=1

and
i—1\1) — gi—1( X
1(00) Z91002)] 519,95 1(0)] < C(1+ Xy ).
| — | a
Hence we see that (3.28) is bounded, and this completes the proof. O

Proposition 3.4 Assume Conditions A1 - A3, A5 - A7, h, — 0 and nh, — oo.
Suppose gn(a,y,x) : = x R x RY — R satisfies that, for yi,ys € R? and n € [0,1],

|aagn(aa y17$> - aagn(aay% ZIZ')| < gn(aa N + (1 - )y27 )|y1 | (329)

where gn (o, y, ) < O(Vba)(1 + Jy[)“(1 + |2])¢, and

108 ga(r,y, @) < O(Vba) (1 + [y) (1 + [z (m =0,1). (3.30)

Assume that the integral Gp(a,z) = [ gn(a,y, 2)¥(y, x) dy exists for all x and «, and

that, for a m-integrable function L(x, ),

Gu(e,2)|' < Lz, ), (3.31)
10,Gp(, )| < O(bo)(1 + |2])° (3.32)
Moreover there exists a function g such that
(v, —>/ g(la,y, x ,x)dy m-a.s. (3.33)
and the last integral is a m-integrable function for all a. Furthermore, assume that
[ 5u10.g.(0,0.2)1 0w, 2) dy < 1+ Jal)° (3.34)
for all x. Then it follows as n — oo that
i}eH—) nh Zgn a, A X" Xin ) 1ga,xn|>h8} —// oY, T o) dydm(x) Lo.

Proofd First, we show the convergence for each a.
Applying Hélder’s inequality, for p > 1,6 € (0, 1/3] which satisfies % 1—+§ =1 and

e >0,

Z gn(a, A X", Xyp )1pp,
i=1

1
P
j=zo,2 { nhy
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IN

il

)" oy

zﬂaiw[
th (
= o(m@)

1-36

= 0 (\/Mhém) = o(1).

From this, we have the following inequality:

gn(aa AZXna thlfl)lDZ'

IA

gnO[ AX th )

{ nhy, Zgn ; AX" Xt" )1{\A i X" >hh} _//gn a,y,r ,x)dydm| > 35}

- P{ Zzg” ARG Xt" D” —//gna Y, T ,x) dydm >35}
n i=1 7=0

e W e LT >@M>%

>5}

Zgn AKX X )1y,

nh,

+ZP{

7=0,2

e ZgnaAX Xin )1Dn

IlzP{

1 n
IQ == P{‘HT Zgn<a7AXTi"7Xt?71)1DZl
" i=1

(Oé, AXT{L7 Xt?ﬂ)lDlﬁ >

B nh,

S &
5’
1
I; = P
3 {nh

i Z/f"/gna (5 Xyl 15 >

D onlon Ao, X )1y

Z gn(au AXTZH Xt?71)1{1?21}

Cﬂlm
-
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i = {‘— /ttn /gn a,cio1(2), Xim ) p(ds, dz)
" nh, ;/“1 /gn(a>0i—1(z)>Xt;¢1)q(ds,dz)

1 & [%
I, = P{ nhng/tn /gn(a,ci_l(z),Xt;Ll)q(ds,dz)

// gla,y, x ,x) dydm >5}

Let us evaluate these terms. Applying Holder’s inequality, for p > 1 and ¢ > 1 with
1/p+1/q=1, we see

9
=T
5 }

L < ZE [|gn(047 AX", Xn ) = gnla, AXTp,thgl)HDgfl}

enh,,

8nh ZE[ (. &' X )‘(|th—X

enh ZE < [
(E{ng—a&ﬂ+wxﬁ X ) |

<

X = X ) Ly

:|>1/2
1/2

where &' = nA; X" + (1 —1)AX.n for some [0, 1]-valued random variable 7). Here, we

IA

2
gn « gz 7Xt" )‘

notice that X follows the following stochastic differential equation on the set {J* = 1};

t t
Xt — Xt;-ll = Ht + / d(Xs) ds + / b(Xs) dws,
tl t

1 n

where thn—l = X, Hy = o(Xuo, 2)1jun(t), wis a [t7 ), t7]-valued uniform random
variable which is independent of (w;):>o and JJ, and z is a random variable with density

Fy, which is independent of (w;);>o. Therefore, for example,

2 2
b UX e K| [ = 1] = b “X P —Xt:-tl‘ 1{le=1}} /P{JZ‘ =1}

:=E“X_—X%1.

Applying the Burkholder-Davis-Gundy’s inequality to (3.13)0 we see that

/t? bQ(XS)ds] } = O(hy,).

E sup |)~(t — )~(¢1|2

tet |, 71—

i—17"1%

SC{hi+E
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(3

Hence F “X no— X

2
J = 1] = O(h,,). Similarly, by (3.14),

E

sup |Xty - Xt|2] = O(hy),

te[r 7]

2

and E |[ Xy = X

— ] = O(h,). Hence I, :O(M)D
I, = P{ >§}
5n5h ZE[ 1]
= ZO \/% O<\/7)'

nh,, —

Z gn(Oé, AXTin, Xt?71)1031
i=1

IA

gn(a, AXon, X )lcp

1 n
Iy < P{‘n—}ngn(avAXﬁ%Xt?1)1{Ji":1}

Oé Ci— 1(AZ7— ) th )1{J n—1}

3
10
+P{‘—Zgn a, G 1(AZT ) th )1{J7L 1}

/ttn/gncvcZ 1(2), Xen ) p(ds, dz) >%}

The first term of the right-hand side becomes O(y/h,,b,) by the same argument as I;.
Denote the second term by 4 then

S 67’Lh ZE gn a, Ci— 1(AZ7— ) th )1{Jn 1}

/tn /gn o, ¢i-1(2), Xen ) p(ds, dz)]

Lirsoygn(@, cioi(2), Xin ) p(ds, dz)

I

tr
/ / gulon cia(2), Xee ) plds, d2)
iy

IN

DS (= o

" oi=1

L*(P)
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C n

I

IN

52 (nh

IN

x B

25 —
2 2 F
82712h2 Z E

/t:}l /g"(o“cj—l(z)’Xt;u) (p— q)(ds,dz))ﬁ*

1/2

/tt / gi(o"ci—l(z%Xt?Jq(ds,dZ)]} = O(V/hubn).

Hence I3 = O(v/hyb,,). Furthermore

Z/ttn /gn a, ci-1(2), Xep ) (p — q)(ds, d2)>2

t
n

/gi(a, ci—1(2), Xen | )q(ds, dz)]

/ /gna ¢ia(2), Xar ) (p— q)(ds, d2)

b,
e (nh)

The term I5 clearly converges to zero by Proposition 3.1 (i); see Remark 3.9.

Let us show the uniformity of convergence. Set

Sn(O‘)

nh

Zgn o, A X" Xyn ) 1ga, x>t

=1

We prove the tightness of {s,(«)}. The expectation

E [sup B )|

IN

<

nh,

ZZE{SW@@%(@ A X", X )|1Dn]

nzl]O

Z E |:Sllp |8ozgn(aa AzXna thl)|1Df1:| +o0 ( V hnbn>
i=1 @

by condition (3.30) and Holder ’s inequality, and we can show that

nhy, “—

Z E {sup |00 gn(a, A X", thnl)l].DZl]
i=1 @

[ sup 10t ) Wly.x) dydn +.0 (Vb))

Indeed, by the same argument as above,

Z sup |Oagn (o, A; X", Xt?71)|1D31

1 n
E
' [nh” i=1
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_ / / Sup [0ngn (@, > )| U (y, ) dy dr

5
< ZHk,
=1

where
1 n
=% nhn;Sgpw‘“g”(a’AanvXt?1)|1DZ€1
1 n
~ nh, ;Sip [9agn(@, AXTf’Xt?Jllthl] ’
1 n
H, = |E nhn;sgpwagn(a,AXﬁz,Xt?1)|1Dzl
1 n
~ nhy ;Sgp [9agn(e AXTf’Xt?1>|1{J?=1}] |
1 n
oo 'E[”hn;Sgpw‘“g”(a’AXf%Xt?1)|1{le=1}
1 [
" nhy, ;/ﬁl /Sgplaagn(a,ci_l(z),th1)|p(ds,dz) ,
1 < [7
Ha = \B nhn;/t?1/Sgp|aa9n(aaci—1(z),th1)|p(ds,dz)
1 [
by Z / / SUp [Gagn(@, ci-1(2), Xip., )| a(ds, dz) | |,
1 < [
s =8 nhn;/t?1/Sgp|aa9n(aacz‘—1(2),thl)lq(ds,dz)

- // sup [9ngn (e, > 2) U (y, 2) dydw]

We obtain that H; = O (\/hnbn) by the same argument as for [; since

sup |8Oégn(a7 Y1, $>| — Sup |aagn(oz, Ya, $>| S sup |aagn(a, Y1, ZL’) - aagn(aa Ya, ZIZ')|

< Gnla,nyr 4+ (1 —n)y2, )|y — 12l

Similarly, we can obtain that Hy + H3 = O (\/ hnbn). Moreover it is also easy to see

that Hy = Hs = 0. Hence, sup F {sup |Oasn(@)|| < oo. This ends the proof. O
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Remark 3.8 Condition (3.29) is satisfied if 0o gn (v, y, x) is differentiable with respect
to y and

10y0agn(cr,y, @) < O(V/ba) (1 + ) (1 + |z])°. (3.35)

Remark 3.9 Thanks to Conditions (3.29) - (3.34), we are able to apply Proposition
3.1 (i) to Gp(a, z).

Remark 3.10 Below, we use this proposition as
gn(a,y,2) = 05 log @, (0, z,y) - oulx,y) (k=0,1,2).
We are able to check the above conditions for this g, by A9. Indeed,

|8ygn(aa yax)’ < |8yag log (I)HHQOTJ + |ay90n|‘ag log (I)n|
< 0EA+ DA+ 2 + 0,2 (1 + [y (1 + |])¢
< O(Wba)(A+ |y + |2)©
from (3.3),(3.5),(3.7) and (3.8). Similarly,
10,0agn(c,y,2)| = 10, [057" log We(y, ) - @n(,y)]]
< O, (L + |y (1 + [=])©
< O(Vb) L+ [y (@ + |2))°.

Therefore (3.35) is satisfied, and this implies (3.29).
On the inequality (3.30),

|00 gn (e, y, )] = |05 log We(y, x) - on(z,y)|
< 0,7+ |y A+ |x])¢
< O(Vb)(L+ [y (1 + |])°.

On the inequality (3.31),
|gn(ay, @) 0 (y, )| < {|05log Wy(y, x)| + 1}W(y, x), (3.36)

therefore (3.3) and (3.6) yield (3.31).
Next,

0,Gnlcz)| < / 10,(0F Log Dy - o) W] dy + / 1 10g D - 0|0, dy

< / 1Dspndl Tog D] dy + / |0n0, 0 log @, || dy
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+/|8§10g@n~<pn||ax\ll\dy.
The inequalities (3.3), (3.4), (3.7) and (3.8) imply that

|0,0,04 log ®,,| O(e,*)L(y) (1 + |z)),
pn0:05 log @, < O(e,*)L(y)(1 + |])°,

— n

|05 log @, | < O(;*)L{y) (1 + |2])°,

n

IA

where L(y) is a bounded dy-integrable function. Then
0:Gr(a,2)| < /O(EEg)L(y)(lJr ) dy+/0(622)L2(y)L(y)(1+ |z])¢ dy
< O(Vb)(1+ ).

Therefore (3.32) is satisfied. The condition (3.33) is obtained from Lebesgue’s theorem
thanks to (3.36).
The inequality (3.34) is obtained from (3.6) directly with g(c, x,y) = 9% log ®y(y, x).

3.5 Proof of the main theorem

We proceed the proof of Theorem 3.1.

3.5.1 Proof of consistency

Let us prove the consistency of &,.

Applying Propositions 3.1 (i), (ii), 3.2 and 3.40 we can easily obtain that

%l;(a) il Ui(o,00) = —% / {tr (87" (z,0)B(x, 00)) + log det B(z, o)} dr,(3.37)
1

o 10(0) 2 Ua6.00) = [ [ {1108 Va(y. ) W, (.) — Woly )} dydr (339

uniformly in ¢ and 6. See Remark 3.7 and Remark 3.10 on the conditions for the
convergence (3.38).

In order to prove the consistency of &,, we may assume that the convergences of
(3.37) and (3.38) take place almost surely and uniformly in the parameters, and prove
that it implies &,, — ag almost surely since the convergence in probability implies that,

for any subsequence, the existence of a subsequence converging almost surely.
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For fixed w € 2, thanks to the compactness of =, there exists a subsequence ny
such that &,, — s = (0o, 0c0). Since the mapping o — U (o, 0p) is continuous,
1 .
_lnk(am) - Ul(ama 00)7
ng
and, by the definition of &,, we have U;(0w,00) > Ui(0g,00). On the other hand,

notice the following inequality:

det B(x, 09)

m < tr [ﬁ—l(x, 00 ) (2, 0'0):| —d,

log

then we have Uy (0, 00) < Ui(00, 00). Hence the equality Uy (0o, 09) = Ui(00, 09) and

Assumption A10 lead that oo, = 0¢. This implies that any convergent subsequence of
0, tends to og. This means the consistency of .

Next, let us show the consistency of 0,. Since the mapping 0 — Uy(6,0,) is also

continuous,

1
nkhnk

l;k (énk) I U2(9007 00)
for fixed w € ). Here we prepare a lemma.

Lemma 3.7 Assume Conditions Al - A11, h,, — 0 and nh,, — oo. Then

1 - 1 -

n—hnln(ﬁ, o) — n—hnln(ﬁo, o)
P 1 [ _ % a—1 _ _
— 3 /(a(a:,@o) —a(x,0)) 8 (x,0)(a(z,by) — a(x,0))dr (3.39)

uniformly in o as n — o0.

Proof] By simple computation,

1 - 1 -
nhnln<97 O') — n—hnln(eo, O')
1 n
= 5 (@i-1(60) — @i—1(8))* B (0)(@i—1(00) — @i—1(0))1(ja,xn|<nt)

1 n
(@i—1(00) — @i—1(0))* B, (0) (A X™ — @;—1(60) ) 1|, xn<n) -
nhy i=1

Propositions 3.1 (ii) and 3.3 end the proofl O
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Thanks to this lemma and the continuity of the limit function (3.39),

1 P 1
n—hnln(enkaan) - n—hn

P 1 B - Yo B )
- /(a(x,eo) —a(,0.0))° 87 (x, 00) (aler, 60) — al, Bi))
—{Us(6y, 0p) — Uz(0,60) }-

The above limit is positive because of the definition of én Therefore 6., satisfies

ln (907 &n)

Uy (2,2) = Wy (x,2) and a(z,0) = a(x,0) since 37! is a positive definite and
Us(6,6y) will be maximized if and only if Wy(x, z) = Wy, (z,2). Thus the assumption
A10 implies 0., = 600 This ends the proof of consistency. a

3.5.2 Proof of asymptotic normality

First, let us compute the first and the second derivatives of the contrast function. For

p,p=12,...,myand q,¢ =1,2,... ,my,

89pln(oz) = Z {521(0‘) + 55),2(04)} )

d
i) = Y 3,a"s (0)(B) () X0 Lga, xmi<nty
k,l=1

552(04) = agp {lOg @n(ﬁ, thnil, AZXH)} (pn(XtZrLl, Aan>1{|AiX"|>hfL}

by / Op, (6, Xox L y) dy,

O lnfe) = 3@

d —1\(k,l
'(0) = _E{Zang =)0 g ) 200

2 k=1 hn ’
0, det fia(o) | |
det B;_1 (o) {lAiXn|<h{}>

o In(cr) = Z Z {a a2 (0)(BZ)*D (0) X (6)

1=1 k,l=1

— (9,a", (0))(94,, @, (0)) (5,2 * l><a>hn}1{w<hm

i=1

+ {agpepf {k’g © (0, Xy, AZX")} (X DX ") Lga x5ty
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- hn/agpep,q)n(eaXtylay) dy}a

aﬁng,ln(a) = — Z { Z q ( th) ( )Xi(’l:l)(e)Xi(’g(Q)

i=1 k,l=1

2 0qO 4
Tpoyln(@) = 05,4,ln()

+ 62 logdetﬂ, ()}1{|AiX"§hﬁ}>

= _Z Z aep G- 1)(k’l)(U)Xi(,2(9)1{\AiX"|§hﬁ}-
i=1 k=1
We define the following notations:
1
= I, 0
_ nny
o= 0 S
v
where [,, is an n-dimensional identity matrix. Let
1
/o (6, — 6) =7 Opln()
S, = ) , Ly(a) = 1
Vn(6, — 0o) —0,l()
Vn
and
——0Ohla(@)  ——==05,ln(q)
Cufa) = ”{L y ”( 2
———0l, -0,
n\/m 09 (Oé) n e ( )
Then
2l(a) —— 82 I (a)
0'n Ooin
M2, = th nhin = C(a) M.

h(a)  —=l(a)

7 Vi

Now, by Taylor’s formula,

! 6, — 0
/ diln(ozo + u(&y, — ) du ( A 0 ) = —0aln(ap)
0 On — O0g

since Ol,, (&) = 0. Then, multiplying both sides by M,, from the left, we have

1
/ Ch(ag + u(by, — ag)) du S, = Ly (ap).
0

Thus the asymptotic normality of S,, is proved by Lemmas 3.8 and 3.9 below.

67

(3.40)

(3.41)
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Lemma 3.8 Assume Conditions A1 - Al1l1, h,, — 0 and nh,, — co. Then the following
statements hold:

(i) Cu(ao) L. B, where B=—K and K ‘is given in Theorem 3.1.
(ii) For any positive sequence €, tending to zero,

sup |Co(or + o) — Co(cg)] =50 (n — o).

|| <en

Proof0 (i) We show the convergence of n='92l,(cw) only. The others are easily
shown by using Propositions 3.1 (i), (ii), 3.2, 3.3 and 3.4.
Applying Propositions 3.1 (ii) and 3.2, we have

_8gqaq,ln(oz0) £, —%/tr [8gqaq/g—1(x)ﬂ(x)] dmr — %/8%8%, log det 3(z) drr.
Noticing that d,, logdet 3(z,0) = —tr [0,,67" ()B(z)], so also
02 1, Tog det () = —tx |62, 57 (1) ()] — tr |0, 07 (2)0, B(x)]

we can obtain that

% 2 () s % / tr 05,87 (2)05,, 8(x)| dr
= 5 [w@.pse,n8 @

(ii) Let B(«) be the uniform limit of C,(«), that is,

sup |Cy(a) — B(a)] = 0,
acH

and B(«) is easily specified. Then, noticing B(ag) = B, we have

sup |Cp(a+ ag) — Cp(ayp)]

laj<en

< 2 sup |Ch(a+ ag) — B(a+ )| + sup |B(a+ a) — BJ.

lor|<en lor|<en

The first term on the right-hand side converges to zero in probability by the
uniformity of convergence, The second term also converges to zero in probability by
the continuity of B(«). O

Lemma 3.9 Assume Conditions A1 - Al11l, h, — 0 and nh, — oo, in addition,

assume nh? — 0. Then, as n — oo,

Lu(0n) 5 L ~ Ny (0, K).
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Actually, by (3.41),

</0 {Ch(ao + u(d, — ap)) — Cp(ag) } du + Cn(ao)) Sn = Ly (ayp).
We find that the matrix
/0 {Ch(ao + u(by, — ap)) — Cr(ap)} du + Cp () (3.42)

converges in probability to the nonsingular matrix B. Hence, taking the limit on both
sides after multiplying by the inverse of (3.42), we see by the continuous mapping
theorem that

Sy~ BTL ~ N, (0, K1),
This ends the proof of the asymptotic normality of .S,,[] O
Finally it remains to show Lemma 3.9.

Proofd Notice that the sequence L,(«y) is a triangular array. Therefore we can
apply Theorem A.3 and its Remark A.1 in order to show the asymptotic normality
of L,(ap). According to Remark 3.11 below, it suffices to show the following: For

p7p/ = ]-7 , My, Qaq/ = 17 , M2 and some vy, Vg > O’
n . 1 . P
S (B | tfan)| | 20 =1.2) (3.43)

1=1

B | o)

NG P, (3.44)

S {ni(sp (c0)d”" (ao)] -, / (00, 3) 67 (09, alx, a0)) dm,  (3.45)

h i,1
i=1 n
" 1 , 09, V4,00 , Vo,
B | dttehan)] Lo [[ BRI G dyan, (o)
i=1 hn fo
- n L P’ P
ZEi—l nTéi,l(OKO)(SLQ(O‘O) — 0, (3.47)
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Z | 2cttanct @] Lo 5 [ ui@,0)5 @85 e o) b, (38)

q

S B | aadion)]| L0 (0= 12) (3.19)

n 1 2411 P
> Er, & (o) =50 (v=1,2), (3.50)
i=1 nhy, "
i 1 2419 P
B || eiten)| | o (351)
=1 \/ﬁ

Remark 3.11 We use the central limit theorem for triangular arrays to show this
n

lemma, so we have to check the Lindeberg condition for L, (cg) = Z X', that is,
i=1

ZE (X721 xp5e] = 0

for any € > 0. If X" has an expression X' = Y;” + Z then
Z ELy [1X P Lxnise)]

< 4ZEZ"1 Y7 2L ynise/ay] +4ZE 1Z2 P11 z015 /2] -

=1 =1

Hence, to check the above Lindeberg condition, it suffices to check the following Lyap-

nov conditions:

Z |Yn|2+1/1 Z |Zn|2+1/2} L 0

for some vy, vy > 0. Here, it is not necessary that 14 and vy are the same, so the above
v;’s of (3.50) and (3.51) can be taken differently.

Proof of (3.43)
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For v = 1, it follows that

n

D

i=1

" 1
E’ {\/TTHC%(GO)} ‘

aOpzl zl(klz I[X( 1C’”}"

Since |Xi(2|1{|mxn|§hg} = R(a, h, Xyn ), we see that

:\/nTZI

k=1

n d
,(k
nniZIZZ zl(klz |: ].C’":|
2
< \/HTZR ) n?Xt?l)]Z:;Pin—l{Czn]}
<

n Z R (0 V™, X ).
1=1

Applying (3.21) to the term for j = 0, we have

n

>

1=1

1

Wéﬁ’““ﬁ)”
Zaep a;_ 1 z 1)(kl)

k=1

LS Rl VAT ) ) -0
i=1

R(a, b2, Xin )+ op(y/nh3)

3

=1

For v = 2, it follows that

n

D

i=1

= gt

n

2
1
N L T) SUR (XL St
noi=1

7=0
— hn / 39,,(I)n(thLla y) d@/] ‘

—/;Tn Z:; ‘Ezn—l [39,, {log @n(Xthﬂ, AiX”)} (pn<Xt?717 Aan)lDZfl

- hn/ﬁgpQ)n(thnl, ) dy” + 0, (Jm)

71
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n

1 2,
< NG ;;[k + 0, (\/nhibn> ,

where
1= (B |0, {log @ (X, AX™) b on(Xep X)Ly,
— 89p {lOg <I>n(90, thnil, AXTf)} Spn(Xt;Lp AXT,;’L)]'DZI] ',
Ié = Ein_l 89p {lOg (I)n<Xt?,17 AXTf)} ¢H<Xt?,17 AXTZ?L)lDZl
- 39,, {log ®,, (6o, thgla AXTZ.")} SDn(Xt;QI, AXT;L)l{ngl}] )
Ié = E;n_l agp {lOg q)n(Xt?,l’ AXTzn)} @n(Xt?,l 5 AXTL")]-{JL"ZI}
¢
[ [ {loe X e @) on(Xar e (2 plds. )| |
ta
| t
I, = B, / /39p {108; P, (Xip Ci—l(z))} on(Xip |5 cim1(2)) p(ds, dz)
tia
¢
—/ /aep {10gq>n(Xt;11,Ci—1(Z))} on(Xen 5 cim1(2)) qds, dz) | |,
ta
| t
Iy = B, / /39p {108; (I)n(thgl,Ci—l(Z))} on(Xip |, cim1(2)) q(ds, dz)
tia

- h’n / aepq)n(Xt;ll ) y) dy]
Since, by Remark 3.10,

10,05, 10g P (0o, 7. y)en(z,y)] < O(Vba)(L + [y (L + |z)°,

we can apply the same argument to the terms I} - I% as for H; - Hs in the proof of

Proposition 3.400 we easily obtain that

If =R <a, \/h%ibm Xt?,1> , I; = R(a, \/h%ibm Xt;-ll)a I:i =R <a7 \/hg’LTm Xt?q) :

It is also easy to see that I = It = 0. Thus

S [ A ttaen] | = 0, (varemn).

i=1
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Proof of (3.44)

Using Lemma 3.6 (3.22), we have

- i—1 \/ﬁ i \Q0 - \/ﬁ | & -1 &= th in <rin-C,
1(‘30 detﬂi_l
——1 P {|AX"] < AP
2 det ﬁi—l i—1 {| | — 'n
= izn: Lo (05,81 8i—1] €™ + R(a, hy, X )
\/ﬁ — 2 qFi—1 ) ) "
160 detﬂi_l —Xoh 3 2,9
-l "+ R(a, hy, Xin Aoh
2 det G;_1 ( + B by, ti*1)+ 0 ")
= Op(v/nh3).
(%q det ﬁi—l(g)

We used the relation

det Bi_1(0) = —tr [9,, 0, (0)Bi-1(0)].

Proof of (3.45)

Noticing that XY A xni<per = R(a, b, Xyn ), we see from Lemma 3.6 (3.22) and
inl—{|Aq |<hn} n i—1
Proposition 3.1 (i) that

> £ [t

d
1
- EE (z et
nhy, — =
( Z Do 0" (53 )XU)> 1{AiX"|Shﬁ}]

kU=

- Z / 0p,aM 0y ,a™) (37D (B F(3) ) (2, ) de

o L k! =
- /(89pa)* (B (%p,d) (z,)dr.
Proof of (3.46)

It follows by the direct computation that

ZEZ%[—

n

(@) e
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- nh ZE { {bg@ (Xtﬁl»Aan)}SOH(XtL»AiX”)l{manbhz}

_hn/aepq)n(th”lay) dy}

X {39p, {log q)n(thgla Az’Xn)} SOn(thgla Aan)l{\AiX"bhﬁ}

- hn/aOP/ (I)n<Xt?717 y) dy}]

nh l[aep {1og<1> (X | Aixn)}%(){%,Aix")

X agp, {log B (Xpn A,-X”)} on(Xin  AX™ Aan|>th}] + 0, (v/hinby)

Op. WOy , ¥
L, //%(y,x)dydﬂ.

The last convergence is proved by the same argument as in the proof of (3.43) with
v = 2 since, for m =0, 1,

y [09,, log ®,,(0, 2, y)0s,, log q)n(@,x?y)wi(fﬂ,y)” < O(Vba) (1 + |z)°(1 + [y))©.

Proof of (3.47)

Noticing that |Xi(7l73,|1{\Aan\§h7pl} = R(a, hf, Xyn ), we see from Lemma 3.6 (3.21) that

Z { ao)5§'z(a0)}

n d
1 mn
- _E EZ_l Z {/aOP th y> }aep a; )1(61 1)(kl)Xz(7)Ll{|AiX”<hﬁ}]
i=1 Lk,l=1
1 — d
= P Z{ / Og, ®n( Xy, ) d }% OB 10n |+ 0,(h2)
i=1 Lk,i=1
= O(h2)

Proof of (3.48)

Using the equalities (3.22), (3.24), and the relation

ao—q det ﬁi— 3 -
Wi_ll = —tr [aoqﬁi—115i—1] = tr [&,qﬁi_lﬂi_ll] )
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we see that

Z 3 [ ¢ (a0) (00)

d _
{ Z 0o, (61—11)(k’l)X(k)X(l) + 0, det 5 }

i=1 k=1 hn o det B;_1
d 1 k/ l/
a (/8 1)( ? ) _ N o a detﬁ_l
a,/ 1— (k ) (l ) (o) i
: {klz_l B A U e v sl g (P RS
1 — d
— _ / / kl k, , k?k: ll
T [ S e (00, B2 00, 8 (B 88 + g 5D
=1 kLK I'=1

ao— det i — T 1
+5W Z(kl)_'_ Z —Xohn Y74 Bi 16 (6511)(k,l)6'(k,l)

k! l' 1 detﬁl 1 q’ " ot
d
19) detﬁ_l
—Xohn %4 ? —1\(k,1) o(k,0)
E e — 9, (B N
+kl_1 detﬂi_1 q(ﬁz 1) ﬁz 1

—Xohn a‘7q det 31 aaq/ det 54

e
e det 3;_1 det B ] +Oplf)

P

L5 [ i@ s 0, 95 dn

The last convergence is deduced by Proposition 3.1 (i).
Proof of (3.49)
For v = 1, it follows that

- 1
Z E, {Wﬂs%(ao)ﬁ(%)]
=1

- an > 3100, ()00, (38

=1 k,Lk'l'= 1

x [X()XZ(’:L)X( Mgaxeien |

,n

19) detﬂ 1 S
kl oq i—1 ron O
- 3 3 e B [ ]

=1 k=1

Noticing that |Xz‘(,lr)z|1{\AiX”\§h%} = R(a, by, Xin ), we see from Lemma 3.6 (3.21) and
(3.23) that

n . 1 ., . 1 n
;Ei_1 {—n\/mtsi,l(ao)@ (Ozo)] = n\/H;R(a’h”’Xt7l) +Op(\/h7n)
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0.

For v = 2, by using Lemma 3.6 (3.22), we see that

ZE:LI = lan)di (o)

n d -1\ (k1
1 80 (6_1)( 4) (k) (1) 180 detﬂz 1
= - E?! dav =l X X; Z9q T2 L
v/ Z = {k;l 2hy i T et g

( /aep Xt” )dy) 1{|AiX"Shvpz}]
— Op (\/h7n> .

Proof of (3.50)

For v = 1, it follows that

n

> EL

i=1

1

Thnéf)’l (Oé())

2+1/]

2
1+u/2h1+”/2 Z Z Z ‘ae” D® l)’ B [ XZ'(’Q

i=1 k,l=1 j=0

Noticing that E" | || X ®

i\n

2+v
10230} = R(a, hiﬁ”m,XtL) from (3.20), we have

1 I
=0 ()~ ()

24v

1
v/nh,,

For v = 2, it follows that

n 24v
E : n
Ei—l
i=1

¢, n
/2y /2 £ Z By

n
Ei—l

551@0)

OAQ)

'#w
vnh, ©

24v

0, {1ogq> (X AX")}gon(th AX™)

2—&-11]

/aepfbn(Xt;l,y) dy

X 1a,xnsngy + het”

C,
n1+u/2h711+”/2

IA
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24v

0, {1og B, (X, A,-X")} on( X AX™)

S, (1101 |
i=1

h}L—Hj/Q
o (2.

Here, it follows from Assumption A9 (3.3) that

0g, {108 @n(Xer A XM b ipn(Xip |, AX™Y)| < e Li(AX™) (1 + |Xip, )

= Rla.e;', Xy )

Y 'I’L )

since L; is a bounded function given in (3.3). Then we have
24v 8—(2+V) n h1+y/2
S g 2 R X )+ 0y { S

b\ Y2 ) pltv/?
— n 1-2v)/5 m
= Op<<nhn) b,, >+Op< e )

The last term converges to zero if v > 1/2.

n

SE

i=1

1
nh,

552(040)

Proof of (3.51)

It follows by the direct computation that

n 24+v
S ) ]
=1

L
‘%Q (a

n k0|12 | 50 50
< n1+”/2h2+” Z Z Ez 1 |: z 1)( )} Xi,ann 1{AiX"|ShfL}:|
i=1 k,l=1
0, det 51
n yn P
rts Z Y P A < h)

d 2

n1+1//2h2+1/ Z Z ‘aUq i— 1 (kl w Eznl |:)X(k X(l
0

=1 k,l=1 j=

1
+0, ()

We notice that EI* U X'Z.(Z) X’Z.(Q

IN

24v
C’i"j

2+v
101730] = R(a, hz™, Xpn ) from (3.20) and that

B, “X x0

24v
10%} < R(a, b, X )P {C]}
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— R(OK, hip(2+u)+2’ thil)
for j = 1,2. Then we have

n
E n
Ei—l
i=1

2+v 1 1
— 2p(2+v)+2
] - nu/2h%—|—u Op (hnp( : ) + OP (W)

b 1
= 0 (gr) + 0 (m).

). If we take v > 0 sufficiently

‘%Cﬁ(ao)

where p = 2p(2+v) —v/2 =2(2+v) (p— 4(?:2)
small, then p > 0 since 2/(v 4+ 1) < p < 1/2. This completes the proof] a



Chapter 4

Parametric estimation in infinite

activity models

In Chapter 3, we treated finite activity models. The method proposed there worked
if the Lévy density f satisfies sup, |f(z)| < B for a constant B > 0; see Remark 3.1.
However, we sometimes need a more general measure f admitting | e f(2)dz = o0 in
some applications. In this chapter, we consider the inference for such infinite activity
models from sampled data. The essential idea is the same as in Chapter 3; classifying
the increments of the data. We construct a single estimating function having two parts:
the continuous part is constructed by the small increments in the same way as in the
previous chapter, and the jump part is a moment-type estimating function constructed
by the large increments. The meaning of small and large are important, and we will

make them be clear in Section 4.2.

4.1 Models and assumptions

On a filtered probability space (2, .#, ()0, P), we consider a d-dimensional stochas-
tic process X = (X;)i>o which is a solution to the following stochastic differential

equation:

dX; = a(Xy,0)dt + b(Xy, 0) dw, +/ c(Xi—, z,0)re(dt, dz),

Xo = o,

where x4 is a random variable on RY, § and o are parameters, and their parameter
spaces O and II are compact convex subsets of R™ and R™2 respectively, the coefficient
a,b and c are known functions such that ¢ : R¢x 0 — R? b: R? x II — R?®R" and
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c: RIXRFxO — R? In this chapter, we admit the case where k # d. Moreover (w;)¢>o
is an r-dimensional Wiener process, r¢(dt, dz) := p(dt, dz) —qs(dt, dz) is a compensated
Poisson random measure, that is, p is a time-homogeneous Poisson random measure
on R, x R* and g is its intensity measure of the form q(dt,dz) = fy(2) dzdt, where
Jer 122 A1 fo(2) dz < oo for all 0. We set a := (0,0) € Z:= O x I and m := my +ms.

Our interest is to estimate the parameters # and o jointly from sampled data
{X» }ity, where & = ih,, under the condition that A, — 0 and nh,, — oo.

We make the following assumptions A1-Ab5.

A 1 There exists a constant L > 0 and a function ((z) which satisfies |((2)]|1qz<1y <
C|z| and [¢(2)| < C(1+|2|)¢ for a constant C' > 0 such that

|a(, 60) — aly, 6o)| + |b(w, 50) = b(y, 00)| < Llz =y,
le(2, 2,00) = ey, 2,00)] < C(2)w =yl le(x, 2,60)] < C(2)( + |]).

A 2 The process X 1is ergodic and stationary for a = ag with an invariant measure

in the sense of Section 2.4, and 7 satisfies that

/|x|” m(dx) < o0 (4.2)
for any p > 0.
A 3 f is positive definite and inf, , det B(x,0) > 0.

A 4 Forl = 0,1,2 and v = x,«, there exist the partial derivatives &' a(z,0) and
OLb(z,0) such that |0La(x,0)| + |0 b(z,0)] < C(1 + |z])¢, and they are continuous for
fized . Moreover, there exist the partial derivatives 8 [ 11—, i) (z,2,0)fo(2) dz
and &'c(z, 2,0) for any p € N such that

|0c(x, 2,0)| +

o [ T w200} ) | < 1+ ),

where l; = 1,... ,d and we allow the case where l; = 1; for i # j.

As well as in Chapter 3, we shall identify p with a random counting measure asso-

ciated with a Lévy process z with the Lévy density fp(2), that is,

p(dt, dz) = Z Lijaz >0 (5,20 (dE, d2),

s>0

where the process z is independent of a Wiener process w.
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In estimation problems of Lévy measures, it is crucial that what kinds of singular-
ities Lévy measures have. In Chapter 3, we studied the case where the Lévy density
decreased around the origin in the order of some polynomial and had the finite total
mass. In this chapter, however, we would like to treat more general models, that is,

ka fo(2) dz may be possibly finite or possibly infinite. If Ay is finite then z is a
compound P01sson process with a distribution of jumps (A\g)~!fs(2) dz. This is a finite
activity model dealt with in Chapter 3. If Ay is infinite then z is a Lévy process which
has infinitely many jumps even in any finite time interval This is an infinite activity
model. In the latter model, however, the process zt = > et Azslgjaz, s,y (This is
always a finite sum for fixed ¢ and ﬁxed n. ) for some ¢, > 0 is a compound P01sson
process Wlth a distribution of jumps (AS™)"1fEn(2) dz, where A5 = [ i)y
and fe = fol{z/>e,); see Chapter 2. Thanks to this fact, it is convenient to spht the

jump term of X into two parts by a sequence ¢,, | 0 as follows:
/ c(Xi_, 2,0) rg(dt,dz) =: dB(t) + dJ’ (1),
RE
and

AB°(1) = / (X 2, 0) roldt, d2),
|z|<en

dJl(t) = / (X, 2,0) {p(dt, dz) — ¢i (dt, d=)},

where p») is a random measure generated by z(#) and qé(f") is its intensity measure,

that is, ¢ (dt,dz) = f{")(2) dzdt. When n is sufficiently large, so e, is sufficiently

small, then it may be possible to regard BY(t) as a small diffusion approximately.
Using these notations, and assuming that [, c(z, 2, Q)f(,(a”)(z) dz < oo for each n,

we can rewrite the first model (4.1) in the form

dX, = an(X;,0)dt +b(Xy,0) dw, + dBS(t) + / (X, z,0) pE)(dt, dz), (4.3)
Rk

where a,(,0) = a(z,0) — [o c(x,2,0)f, ) (2) de.
To discuss the asymptotic theory, we have to suppose the existence of the limit of
G, that is, ay(z,0) — a(x,0) = a(z,0) — [, c(z, 2,0) fo(2) dz should exist. In order

to ensure these conditions, we will assume the following assumption.

A5 Foranyxz €R?Y 0 €O and any p > 1,

[ ot s < o
RE

where v =0, 1.
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It seems that this assumption is too restrictive, but this can be satisfied in a very
wide class of Lévy measures. Actually, many practical Lévy measures in applications
such as gamma, inverse Gaussian, variance gamma, normal inverse Gaussian or some

generalized tempered stable processes satisfy that
105 fo(2)] < L|z|~ e~

for a < 2 and some positive constants L and C, although stable processes with Lévy
measures of the form f(2) = v|2|~@") (0 < @ < 2) do not satisfy these assumptions.

Under Assumption A5, the above a,(z,0) and a(x,0) are well-defined since the
integrals [, c(z, z, 9)g§”)(z) dz exist for gé”) = fg or fe(sn).

Definition 4.1 Under Conditions A1 and A5, we put
an(xa 9) = a(x, 0) - / C(ZIZ’, 2 9) 6(En) (Z) dZ, (44)
Rk
a(x,0) = a(x,0) —/ c(x,2,0) fo(2) dz, (4.5)
Rk

where [ (2) = fo(2)1(zsen

4.2 Selection of data

As we have described in the previous section, we deal with the process BY(t) in (4.3)
as if the small Brownian shocks. Therefore, we can regard the model (4.3) as a finite
activity model, then the same idea as in Chapter 3 may be applied to this model, that
is, if [A; X" < hf, then we can judge that the jumps by [} [ c(X,_, 2 0)p)(ds, dz)
did not occur. The next lemma justifies this treatment.

Let 7/'(¢,) be stopping times defined by 7/'(e,,) := inf {¢ € [t7,,¢1); |Az| > &, } for
fixed n, where z is a Lévy process which generates the random measure p as already

mentioned. Then the following equality is valid.

Lemma 4.1 Let p € (0,1/2) and &, = h? with p < p'. Then it follows for any p > 1
andi1=1,...,n that

‘F)in—l { sup |Xt - thrb71| > hfL} = R(OK, hz, thnil). (46)
telt

n

w17 (En))

This lemma implies that if there does not exist any jump with |Az| > €, in the
interval [t |,¢) then the increment of the path of X in that interval is smaller than

hf with a large probability. Let us prove this lemma.



4.2. SELECTION OF DATA 83

ProofU  Let ||Y||in := supueqn | o]
the solution process X to (4.1) satisfies a stochastic differential equation dX; = a,,(X};) dt+
b(X;) dw, + dB,(t). Therefore, it follows from the Lipschitz continuity of a,, and Gron-
wall’s inequality that, for sufficiently large n,

/ b(X,_) dws
Gy

We will only show Q7 := P ({C||B.(:) — Bp(t7_))|lin > P4} = R(a, hE, Xyn ) since

Y, | for a process Y. On the interval [t} |, 7/ (¢,,)),

[ Xo = Xon [ S C | hnlan(Xip ) + +1Bu() = Ba(tiZy)llim

2N

Pl Chalan(Xy )| > W} = Rlo.h. Xy )

/ b(X,_) dws
ty

were shown in Lemma 3.1 in Chapter 3.

>h 8 = Rl(ayhE, Xy )

s Tons

n
iy ‘

i,n

According to Markov’s inequality and Lemma 4.2, for p’ = 29 (¢ € N),

o < ChrvEr [HB )= Bu(t2) H’-”'}

< C’hgf”/pEi"_1 sup / / (X, 2)|” q(ds, dz) | .
ue (@t t71 i, Jzl<en

=171

< Ch;PPEM, sup

ue(t

le

Noticing that |c(z, z,0)| < ((2)(1 + |z]) and |((2)|1{z<1y < CJz|, we have

w0y / 2P (L X a(ds, d2)
w€(tP_,t7] St | Jz|<en

=177

= R(o, by W72 X )

Qr < ChPPE",

)

Since we can take p" arbitrary large, Qf = R(«, ht, Xyn ) for any p > 1 when p’ > p.

) n’

This completes the proof. O

Lemma 4.2 Forp=21 qeN, t& <t <t and any Borel subset B of R¥,

/ /t r(ds, dz) / /t ) 2)? q(ds, dz)] . (4.7)

Proof0 This is the direct result from Lemma 3.4, in which we replace ¢(X,_, z) with
c(X,_, 2)15(2) for any Borel set B of R*. O

n
Ezl

]<0En1
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Lemma 4.3 Suppose that the process X satisfies the stochastic differential equation

dX; = an(X,) dt + b(X,) dw; + dB,(t),

t
where B, (t) = / / c(Xs—,2)r(ds,dz). Then, fork >2, k€ N andt € [t} ,,t7)0
0 |z|<en
E [|Xt - X, |k] < Gt — 7 [P EDYN 1 4 X )R (4.8)

Proofd We suppose that k = 29 (¢ € N). Applying Jensen’s inequality, Burkholder-

Davis-Gundy’s inequality and Lemma 4.2, we see that

E, [|Xt — X | |k]

/t a,(X.) ds k

n

/ W E |

n
ti* 1

2
t ~
/ / (o, 2) r(dt, d2)
1t J|z|<en

t
Ck{hﬁ—l / foi [|an(xs)|k} ds +

k
+

k)2

IA

[ e o] o

L
k/2
ds}

t t
sc{%*/ B lan(RO] ds 2 [ B (ORI ds
t t

n
7

tifl
t ~
+E", / le(Xo_, 2)[2pE) (ds, dz)
t?  J|z[<en

-1
t
+ea®) / B (oK, 2)] o (ds, dz)}.
t?  J|z|<en

Noticing that, on the set {|z] <e,},
oK ey 2)[2 < )1+ Ko ])? < Cl22(1 + [ X, )
since k > 2, and using the linear growthness of a and b, we obtain that

By (1% = K ] < Ge{le— 92 4 = g | (4 X |

t
+ Ck/ Er, [|Xs - thfﬂ ds.

t

)
Gronwall’s inequality leads the consequence for k = 29.
It is easy to extend the above result to the case of arbitrary k£ > 2 by using the

binary expansion of k and Cauchy-Schwarz’s inequality repeatedly. a
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Corollary 4.1 Letp € (0,1/2) and e, = h? with p < p'. Under the same assumptions

as in Lemma 4.3,

E

sup | X, — X;|k] ~0 (h§/2A{1+P’<k—2>}) . (4.9)

s, teftl |,t7]

Proofd] By the same argument as in the proof of Lemma 4.3, it follows that

E

sup | X, — Xs|k]

s,teftl 4,t7]

tn ~ tn ~
< Ok{hﬁ‘lf E[|an(xs)|ﬂ ds+h’;/2—1/ [|b(X)| } ds
tn t?
A2 / Ko 2)P] a0 s, dz)}
|z|<en

- 0 (hk/Q/\{l—i-p (k—2) }) O

Let J*(e,) be the number of large jumps of z; |Az| > ¢, in the interval [t |, t}), and
we set {|A X" < W0} = Cfy(en) UCH (gn) and {|A X" > i} = Diy(en) U Dy (en),

where

(en) = {lAX" < hy, Ji(en) =
Cirlen) = {IAX"| < A7, J(en) = 1),
(en) = {lA:X"| > hf, Ji'(en)
(en) = {AiX"| > h7, Ji'(en) =

n» <

Lemma 4.1 immediately yields the next lemma.

Lemma 4.4 Let p € (0,1/2) and £, = b2 with p < p'. Assume that A\ h,, = O(1)
asn — oo. Then, for anyp > 1,

P {Ch ()} = e R(a,1, Xpn ),

} = € A( ">hnR(a’ hgaXt;Ll)v

} = /\((f")hne—xgnmn}g(a,1,th71),
b= A e R0, 1, X ),
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Proof0 1t is obvious that P {D}y(c,)} = _’\(Emh”R( h?, Xin ) by Lemma 4.1

’ n’

since P {J"(e,) = 0} — b Hence PP {CTo(en)} = e‘A(En)h"R(oz,l,th )
since P {CFo(en)} = P i{J]'(en) = 0} — P {Djy(e,)}. The other proofs are easy
since P {J%(e,) = 1} = AF e 0" b O

In Chapter 3, we decomposed the events {|A; X" < A2} and {|A;X"| > h”} into
three events, that is, for no jump, for a single jump and for more than two jumps.
However, it is difficult to discriminate between the event {|A,X"| > h2, JI'(e,) = 1}
and the event {|A;X"| < h#, JI'(e,) = 1} in the case where [ fy(z)dz = co. In the
above lemma, we take p’ with p’ > p in order to ignore the probability P/*,{D},(en)},
otherwise, the probability P ,{|A;X"| < h?, J!"(e,) = 1} can not be ignored. On the
other hand, if we take p’ with p’ < p, then the probability P ,{Djy(e,)} can not be
ignored although the probability P ,{|A;X"| < h?, JI'(¢,) = 1} can be ignored. That
is a tradeoff, so we can not identify the event of a single jump by such a filter, therefore
we could not expect an efficient estimator for the jump part.

We assumed in Chapter 3 the condition of a nondegeneracy of the coefficient ¢(z, 2):
inf, |c(z, z,00)| > co|z| for a positive constant ¢y near the origin in order to discriminate
the event of no jump and the event of a single jump. Of course, it is not an essential
assumption but it seems much trouble without such an assumption when you compute
an estimator explicitly. However, we do not need such an assumption in our method

since we do not demand the efficiency for parameters in jump part.

Remark 4.1 One can easily find that it is possible to make the above filter {|A; X™| <
Lh#} for any constant L > 0. As a matter of fact, the value of L has sometimes a great
influence on the performance of estimation as we show in Section 4.4. However, it is
difficult to select the optimal L in practice in our setting where infinitely many jumps
occur. We will discuss the selection problems of such a filter elsewhere. Throughout

this chapter, we suppose that L = 1 although the following all results are valid for any
L>0.

4.3 Estimating functions and asymptotic results

4.3.1 Moment type estimating functions

In this section, we propose estimating functions. In the following discussion, we assume
that p € (0,1/2) and 5n = b with p < p/, and we set Xin(0) = A X™ — hpan1(0).
Recall that a,(x,0) = a(x,0) — [o c(x, 2 ,0) £ (2) dz and a,,;_,(0) = an(Xen ,0).
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In Chapter 3, a natural contrast function of MLE-type was proposed under the
condition that ka fo(2) dz < oo. To estimate the drift and the diffusion parameters,
they picked up the data X and A X" with {|A; X" < RS} and made use of a

contrast of an usual diffusion process:

. Z SNCE=TEITNERED S 5 Toadetff 1(0)1 s, xojngy-(4.10)
It would be natural to make use of the derivatives with respect to parameters of this
contrast function as an estimating function since we can judge again that there does
not exist a large jump in an interval with {|A;X™| < h2}. On the other hand, we
only infer that at least a single large jump occurred from the fact {|A;X"| > h°}
thanks to that P {D};(en)} = R(a, b, Xim ), and we can not identify the number
of jumps of fot Jer (X, 2,0)p)(ds, dz). Therefore, it may be better to approximate

the moments

// HC Xoo 2,0)p ) (ds, dz) | (g2 1) (4.11)

by the data X;» ~and A;X™ with {|A; X" > Rk}, where [; = 1,2,... ,d and we allow
the case where [; = [; for 7 # j.

We use the following notations to define an estimating function. Let {Gg )(x, a)}j
be a sequence of R-valued functions defined on R? x = which satisfy the following

conditions:
G (w,0)| < L(w,a), 10,69 (w,0), 0,69 (@,0)| < CL+ ]2 (4.12)

for fixed j and all n, where L?(z, a) is a m-integrable function for all o and there exists

a function GU)(z, ) which is differentiable with respect to o such that for k = 0, 1,
ICI(x,a) — G (z,a) 7-a.s. (4.13)

Notice that 9*G¥(z, «) is m-integrable for all a since {95 GY'},, is uniformly integrable.
Moreover, let H, o(z,y) be R-valued functions defined on R? x R? such that

Q Q'
Hy(z,y) =Y G (x,0) [ y™ (4.14)

Q'=2 j=1

for an integer @ > 2, and we write Hy(z,y) = 28,22 G (z,a) H?:Il yl).,
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Definition 4.2 We define the estimating function

n

da(@) = 3 (@) + (@), (@)

i=1

as follows:

Oa) = (v2,) Da) = (v2,) D a) = (v12,)
¢z,n (Oé) ¢z,n,q 1<q<my ’ wz,n (Oé) ¢z,n,q 1<q<m ’ wz,n (Oé) ¢z,n,r 1<r<ms

and

U(@) = Hug, (X, Xin) 1{|AZ_X,1>,1£}—hn/R Hag, (X, cim1(2,0)) fol2) d

¢i(,21’2,q<a> = aeqa;kz,i—l(‘9>6i_—11(U)Xi,n(‘9>1{\AiX"\§hﬁ}’
(3) N B 1 - 0y, det B4
W) = X000, 50 K0+ 25 0 L1 gy
where Q, > 2 and X;,(0) = A X" — hpan;1(0). Onljin (4.14), 1; =1,2,... ,d and

we allow the case where l; = 1; fori # j.

The summation » ., ¢Z(172 corresponds to the discretization of a weighted sum for
q = 2,...,Q, of the expectation (4.11). The summation ) . , %(22 and >, P

i,m

correspond to the first derivatives of (4.10) with respect to 6 and o respectively.

Definition 4.3 We define the estimator of o as a solution &, to the equation

() = 0.

This implies that we should determine the function H, g, (so also Q) so that there

exists a solution ¢&,.

In applications, it may be better to choose H,, g, so that Gg)(x, a)=0for1 <j<
), — 1 for simplicity of computations, where (), should be determined so that &, is
well-defined (see Section 5 for examples). Generally, GY)s play the roles of the weights
to add the two functions /(! and ¥®, and they should be selected in an optimal way.
However, it may not be so easy to find the optimal weights. That is a problem for the
future.

This estimating function gives partially efficient estimators, that is, the asymptotic
variances of the estimators for the parameters in the coefficient a are efficient in the
sense that they attain the asymptotic variances of the estimators from continuous

observations; see Remark 3.4 on this discussion, although the estimators for jump part
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are not efficient in this sense. However, it may be actually convenient to use this
estimating function because of the simplicity of both the selecting method of data and
the forms of the estimating function.

In order to obtain the consistency result, we assume the following A6: the identifi-

ability conditions. Below, we use the notation
U/x,0,0) = / {Hg,(z,c(x, 2,600)) fo,(2) — Ho,(z,c(x,2,0)) fo(z) } dz
+ Op,a*(x,0)87 (z,0) {a(x,bp) — a(z,0)} .

The integral [ U,(z,0,0)dr will appear later as the limit of

1 < 1 2
nhe Z {w§,73,q + wi(,f,q} ().
"oi=1

A 6 For m-almost all x € R, 0 = o if and only if B(x,0) = B(x,00). For all
q=1,...,my and m-almost all x € R, § = Oy if and only if U,(z,0, 00) = U,(x, by, 00).

4.3.2 Consistency and asymptotic normality

Now we present the result on the asymptotic behavior of &,,.

Theorem 4.1 Suppose Conditions A1 - A6, and that h,, — 0, nh, — oo )\(()E")hﬁ — 0

as n — 0 with p' > p. Then the estimator &, has the consistency to the true ay:

A

P
ap — g (N — 00).

What singularities of Lévy measures around the origin are admitted under the
assumption )\(()E")hﬁ — 0 as n — o00? For example, let us consider the following one

dimensional stochastic differential equation with one dimensional parameter 6* > 0:
dX; = a(Xy) dt + b(X;) dw; + ¢(X,_) dz, (4.15)
and suppose that
fos (2) = JogLgercy + Jog(Dlgasnys g () ~ Clel ™ (2 = 0). (4.16)

We call such a parameter 0* the shape parameter. Originally, we need

[ P < o
|z|<en
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that is, 0 < 6% < 3. Under this setting, \ch2 = O (hﬁ'(1‘93)+”) Lo 6 # 1,
and AEh2 = O (k2 log hy,) + O (h?) if 6} = 1, hence we need that 0 < 6} < 1+ p/p'.
Therefore, the models with 0 < 65 < 2 are allowed since we can take p’ (p' > p) to be

sufficiently near to p.

Theorem 4.2 Suppose Conditions A1 - A6 and ag is in the interior of =, and that
hn, — 0, nh, — oo, )\((f")hfl — 0 and n()\((f"))%ff — 0 as n — 0. Moreover, we take
p'(> p) so that f|z|<£n 2| fo,(2) dz = 0 (n"/?). Then

MY?(&, — ag) - N, (0, K71,

nholn, 0

where M, =
0 nlp,

), L, is the m-dimensional identity matriz and K =

Ky 0 - -1
with Kt = (K'7)" K{(K{)™,
. K2> = (KT ()

()" = [ (00,357 (@0, ) (e, 00)

Qq Q'
— Z // 95, G\ (2, ) Hc(lj)(x,z,é’o)fgo(z) dzdm
Q=2 j=1

Qq Q'
+ Z / {G(Ql)(x7a0>89p / Hc(lj)(.l‘?Z’HO)f@O(Z) dZ} d7T7
Q=2 RF =1

(K000 = [ (04,257 000)(w,0)

Qg Q4 { Q+Q’

+Z Z // GG (z, ap) H c(lj)(x,z,é’o)} fo,(2) dzdm,
Q=2 Q'=2 j=1

1

(Ky)P? = i/tr [(0%6)6_1(0%6)6_1} (x,00) dm.

Remark 4.2 Suppose that X follows the SDE (4.15) with the Lévy measure (4.16).
If 65 # 1,

nO e = 0 (mniy 0o [

|z|<en

Z2f65 (Z) dz =0 ( hip/(3_98)> )

Hence we admit 6} <1+ (4p — 1 — v)/2p’ under the experimental design as nh!™ —
0 (0 < v < 1), that is, the model with #* < 2 can be admitted for suitable p, p’ and v.

Moreover, when 6§ = 1, we need

n(AS™)2he = O (nhi* (log h,)?) — 0,
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and it is possible for a proper choice of p. Hence 65 = 1 is also admitted.

In the inference for infinite activity models, it is a big problem what the rate of
convergence is. If the parameter 6 in the Lévy characteristic has the finite information,
that is, [ f2/fo(2)dz < oo, where fy stands for the first derivative with respect to
6, the maximum rate of convergence should be \/nh,, since, even in the continuously
observed model up to time T'(— o0), the rate becomes v/T which is identified with
V/nhy; see Akritas and Johnson [2] for Lévy processes and Sgrensen [99] for jump-
diffusions. Our method attains the rate of convergence v/nh,,, therefore it is sometimes
a good rate. However the finiteness of the information is not so general, for example,
if z is a stable process with the Lévy density fy(z) = 01]2|717% (05 € (0,2)), then the
information of & = (6, 65) becomes infinite: [ f2 /fp,(2) dz = oo, and the maximum
rate of convergence would not be v/nh,, any more in this case. Actually, for the inference
of discretely observed Lévy processes, Woerner [113] showed the LAN results for the
scale parameter (6;) of a stable process with the convergence rate y/n under h,, — 0
and nh, — oo. Hence the better rate than v/nh, may be demanded. However, as
Woerner [113] also showed, the maximal rates of convergence for the many important
examples are v/nh,; see Section 3.1 in Woerner [113]. Therefore, it would not be so
pessimistic for the rate v/nh,.

4.4 Examples and simulation study

We give some examples of X and show their simulation results.
Example 4.1 We consider the following one-dimensional SDE:

dXt = (91 — 92Xt> dt + \/Edwt + dZt,

where 6, > 0 and z; is a compound Poisson process with / 2f(z)dz = 0 for large
|z|>en
n. As we have described in Example 2.2, this model is ergodic.

*

(@) = (@), v (a),vP ()",
v(a) = ZU_I {Aan — i (61 - 92th11) } Loaixn<ng )
=1

o) = ithlg_l {Aan — hy, (91 - 92Xt;.11) } 1{|Aan|ShfL}7
i=1

I DR G UNY s VNP ) W FONPITS
i=1

1=1



92CHAPTER 4. PARAMETRIC ESTIMATION IN INFINITE ACTIVITY MODELS

where X, (01,0,) = A X" — <91 - 92Xt7*1) fin-
Let

Sy = hnél{mix"lshﬁ}’
Si= Iy 2:; Xep 1{\AiX"|§hﬁ}=
Sy = hy éXffll{AanKhﬁ}’
Sy = ZzlAanl{Aianhﬁ}’

S, = ZAiX"Xt%l{‘Aan‘ShZ}.
1=1

Then we have the following estimating equation:
9150 :5’3+925’1, 915’1 = S4+9252, US() :ZXgn(el,eg)l{miX”Shz}.
i=1

Hence we have

G 55— 518 5 _ 518~ SSs
b US2508, T T 52 5,8,

oo =S X2, (010, Oo.n)L1axm <ht )

i=1

Example 4.2 We consider the following one-dimensional SDE:
dX; = —pX, dt + /o dw, + d2?,

where p > 0, 2? is a compound Poisson process with the Lévy density

e = e (—2—)

and 0 = (u,v,\). We set a = (0,0). First, we suppose that either \y or vq is known.

Then one of the simplest estimating functions is as follows:
Uale) = (B9(0)gyes.
%(Ll)(a) = ZXZ”(“)l{IAiX”IMZ} —nhn/z2f9(z) dz,
i=1
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ee) = = 2 X T s gy 0 D xeiza )
i=1 1=1

where X;,(0) = A X" + pXn  hy since f\z\>an 2fp(z)dz = 0, and all the conditions
for h? and p’ in Theorem 4.2 are satisfied if nhl* — 0 for any p’ with p < p/. This
estimating functions satisfy the identifiability condition A6.

The estimators of p and o are similarly obtained as in Example 4.1, and

~ 54 1
=g ow=S ZX i) L1, xn <nt (4.17)
Moreover, noticing that [ 2% f5(z) dz = 2k o MIAVE, the estimator of v or A becomes
o0 =X\ o), A = vy " To(fin), (4.18)

where Tk(,u> = ﬁ Z?:l lefn(”)l{\AiX"bhﬁ}'
When we estimate (A, v) jointly, we should add, for example, an estimating function

P (a ZX 1{|A Xn|>hg)} T /z4fg(z) dz. (4.19)

Then, the estimators become

L D) g 3T3)
" 3T2 (/:Ln) ’ " T4(,[Ln)

Example 4.3 We consider the same SDE as in the above Example 4.2, but 2¢ is a

(4.20)

two-sided gamma process with § = («, (), where « is the shape parameter and 3 is the

scale parameter, that is, the Lévy measure of the form fy(z) = 27 ae PFl|z| 71
dX, = —puX, dt + /o dw, + dz\*"

This is the case where infinitely many jumps occur in any finite time interval since
fo(2)dz = 0.
Rk

Again, we suppose that either ag or By is known. The estimators for (i, o) are the
same as in Example 4.2 (4.17). The estimating functions for (a, 3) are also the same
as in Example 4.2, but [5, 2% fy(z) dz = o372 Therefore

o)

L0 _ 27 [0 -
o, 0 2(:“’”)’ 6n TQ(,&n)

(4.21)
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The conditions for h2 and p' in Theorem 4.2 are satisfies if nh?(logh,)> — 0. For
example, if h, = n~% and nhl*” — 0, then the last condition is satisfied for § €
(1+v)"'V(4p)~', 1) and any p’ with p < p/. Notice that [ z*fs(z) dz = 6a~*. When
we estimate (a, (3) jointly, we obtain the following estimators by adding (4.19) to the

estimating functions in Example 4.2:

TG [T
" TG T T 2

Now, let us show some simulation results for the above examples. In order to simu-

late the discrete sampling from the continuous path, we picked up the each observation
every 100 sample points that were generated by the Euler-Maruyama discretization
scheme in each h,-interval. Each experiment was repeated 3000 times and the es-
timators were averaged out through those experiments. The number of simulated
observations n is 500, 1000, or 3000.

First, we consider the model in Example 4.2 with the true values (1o, Ao, Vo, 0¢) =
(0.1,0.3,1.0,0.05). A sample path of this model is shown in Fig. 4.1. Intuitively
speaking, this model may be comparatively easy to judge whether a jump occurred
or did not. Because, if a jump occurred then it should be large compared with the
increments by diffusions only. However, we can obtain only a few samples to estimate
the jump part since the intensity \g is small, so it may not be so good for accuracy of
estimation.

Below, we show the result of the case where we use (4.17) and (4.18) as the esti-
mators. When we used (4.20) instead of (4.18), the result sometimes showed a bad
performance because of a large variance by using the higher order moment 77 and
T,. We denote by J, the mean of > " , 1{|AiX"\>hZ}
mean of the number of samples which is used for estimating the parameters of the

in 3000 experiments. This is the

jump part. Moreover, we choose h,, = n=%% and p = 0.49, which satisfy the desired
conditions nh, — oo and nh — 0.

The result of this simulation is shown in Tab. 4.1. The mean of the number of
jumps are expected as nh,\g, so J, should be fewer than nh, Ay on average since small
jumps are cut. However, it seems that the filter misunderstood a few large increments
by the diffusion part for the true jumps in this example. On the other hand, the
parameters in continuous part are estimated relatively good. A few misunderstandings
as above do not influence on estimating the parameters in this part.

Second, we consider the same model as above but the parameters are different. We
choose the true values as (1o, Ao, ¥, 00) = (0.1,5.0,0.25,0.2). It may be more difficult
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to judge between the increments by Brownian shocks and the real discontinuity of the
path than the preceding example, however the samples to estimate the jump part can
be obtained more than the preceding one since )\ is large. The sample path is shown
in Fig. 4.2. We choose the same h,, and p as the preceding one. The result is in Tab.
4.2. In this simulation, the number of jumps is overestimated much more than the
previous one, so the diffusion parameter ¢ is underestimated. To avoid such a trouble,
we need to choose L for a threshold Lh? appropriately. Just for your information, we
will show the result with L = 1.5 in the last example. The result is shown in Tab. 4.3.
The estimation of o, A and v are improved although the parameters in the jump part
are still overestimated. This may be because the number of samples whose mean is J,

is too small to estimate by the method of moment.

The performance can be often improved for an appropriate L, and it can be some-
times terribly bad for an inappropriate L. However, as described in Remark 4.1, we
can not easily determine the optimal coefficient L. The selection problem of L (or p),

or more generally, the one of the better filter is important in practice.

Finally, we consider the model in Example 4.3 with the true values (o, 09, g, Bo) =
(0.3,0.2,0.5,1.8). A sample path of this model is shown in Fig. 4.3.

For the simulation, we need the condition nh’(log h,)*> — 0, so we choose h, =
n~%6 and p = 0.48. We again assume that o is known to estimate 3, or 3y is known
to estimate a, so we used the estimator (4.21) to estimate the jump part instead of
(4.22). The result is shown in Tab. 4.4. As we have already described, such a model
has the infinitely many jumps in any finite time interval and it has been difficult to
estimate the parameters from only discrete data. Therefore, our method is worth using

although it is not asymptotically efficient.

n (nhy) | 500 (12.01) 1000 (15.85) 3000 (24.60)  True value
fin 0.1318 0.1190 0.1110 0.1
G 0.0501 0.0500 0.0499 0.05
AP 0.4398 0.4070 0.3748 0.3
o) 1.4661 1.3560 1.2411 1.0
I, 4.02 5.17 7.71 -

Tab. 4.1: Result for Example 4.2. (u, 0, \) or (i, 0,v) are estimated jointly.
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n (nhy,) 500 (12.01) 1000 (15.85) 3000 (24.60) True value
fim 0.1004 0.0995 0.0999 0.1
G 0.1790 0.1774 0.1770 0.2
ALY 7.5168 6.9917 6.2219 5.0
o) 0.3758 0.3495 0.3114 0.25
T 52.6 79.92 158.1 -

Tab. 4.2: Result for different values of the parameters with Tab 4.1. (i, o, \) or (p, o, v)

are estimated jointly.

n (nhy,) 500 (12.01) 1000 (15.85) 3000 (24.60) True value
fin 0.1115 0.1112 0.1025 0.1
G 0.2230 0.2122 0.2041 0.2
AD 7.3301 6.8551 6.1509 5.0
o) 0.3695 0.3392 0.3054 0.25
I, 37.4 54.4 05.5 -

Tab. 4.3: Result for L = 1.5 with the same parameters as in Tab 4.2. (u,0,\) or

(u,0,v) are estimated jointly.

n (nhy,) 500 (12.01) 1000 (15.85) 3000 (24.60) True value
fim 0.3509 0.3302 0.3125 0.3
G 0.1800 0.1805 0.1921 0.2
ay 0.5579 0.5558 0.5574 0.5
3 2.0863 1.9759 1.9001 1.8
T 13.8 24.0 58.1 -

Tab. 4.4: Result for Example 4.3. (i, 0, ) or (i, o, 3) are estimated jointly.
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Fig. 4.1: A sample path of X: dX;, = —poX,dt + (/oo dw, + dzt(’\o”'()), where z

is a compound Poisson process with fy(z) = \/é\Tyexp (—%) and (po, Ao, Vo, 00) =
(0.1,0.3, 1.0, 0.05).
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Fig. 4.2: A sample path of X: dX, = —poXidt + /ogdw, + dzlf’\o’"(’), where z

is a compound Poisson process with fy(z) =

(0.5,4.0,0.25,0.2).
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Fig. 4.3: A sample path of X: dX; = —poX;dt + /oo dw; + dz(a0 o) , where z is a
gamma process with fp(z) = 2 Lae™?l|z|~! and (uo, 00, ap, Bo) = (0.1,0.2,0.5,1.8).

4.5 Moment estimates in infinite activity case

In this section, we shall give some lemmas and their proofs which are needed to show
the asymptotic properties of estimators. First, we shall prepare some notations.

Let L, o and L, be the following operators: for g € C?,

d

| 8%g
(é) (4,k) A
Lugle) = Y0020+ 1S 00901570
=1 7,k=1
~ 0g
+ " g(l’+C([L’,Z,0))—g(l')—ZC (xazae)az(x) fg(Z)dZ,
z|<en i=1 ?
and
0?g
(@) (Jk
Za (@.0) 52 Zﬂ %) 5 e )
jk 1

+ / {g(a: +c(z,2,0)) — g(x) — Zc(i)(x, 2, 0)8852 (93)} fo(2)dz

Notice that L, , is the infinitesimal generator of dX; = a,(X;0)dt + b(Xy,0) dw; +
dB,(t), and L, is the one of SDE (4.1).
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Lemma 4.5 Suppose Conditions A1, A4, A5 and (4.2). Then it follows for any integer
k>2andte[t! ) that

By [1Xe = X Y] < Cult = 6,11+ 1 X, " (4.23)

Let g be a function defined on R? x = and is of polynomial growth in = uniformly in o
then

Ellg(X,, a)] < C(1+ Xy )7 (4.24)
Proof[] The result follows by the same argument as in Lemma 3.5. O

Lemma 4.6 Suppose Conditions A1, A},A5 and (4.2). Then

g [50] = o, / () dz+ R (002 Xy ). (425)
|z|>en
By XWX = b <ﬁfl_11’2) + / (e ()1 (2) dz)
Rk

+R (a, h2, Xt%) , (4.26)
3 ~ ] 3

B TR = ha / {Hc&i(z)}f(z)dz+R(a,hi,Xt?1), (4.27)
Lj=1 | BF (=1
[ 4 ] 4

B TR = ha / { cmz)} [(z)dz+ R (a,h2, X ) (4.28)
[j=1 1 BE =1

Proof] Let gpll""’l”)(y,$) = ?:1(3/ — 2)U) where I; = 1,2,... ,d. According to
Proposition 2.6 and Lemma 4.5 (4.24),

B (X)) = B o (Ko, X )] = haaly

[ l
= hnLagdtM (y, Xen )| — hpal)

y:Xt?,l
by [ A+ R (a2 X)),
|z|>en

where Laoggll)(y, X )| — a(.lli. Hence

y=X;n L
i—1

E!, [Xi(’lﬁ)] = hn/ cgl_li(z)f(z) dz+ R (oz, hivXt?,l) )
‘Z‘>En

The equation (4.26) and (4.27) are similarly proved as above, so we shall show (4.28)
only.

n
Ei—l

4
|
I
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= E', [gz(;h’m’ )(th Xin ] —h aglz 1B [Q(ZQ’Zg’M)(Xt?,Xt?fl)]

—h alez By [ S Xt?’Xt?—l)] h agaz 1By [géll’l%lzl)(Xt?’Xt?fl)]
(1
—h an4z) 1 >y

)
(
E,-”_l[ it (Xt;L,thil)] +R(a B2, X )
= B o (X, Xy )]

+h2za£f‘; 1/ { H ! } ()dz+R<oz,hn,thn71>.

J=1,j#k

We used (4.27) in the last equality. Applying Proposition 2.6 and Lemma 4.5 (4.24) to

the first term, we have

Ein—l [gil1,...,l4)(Xt?’ Xt;—ll)] = h Lg(h,...,l )(y7 Xt;—ll)} + R (a, hn, Xt?,l) ,

v=Xe

and it is easy to see that

ng(lll7“'7l4)(y7Xt211>‘y=th71 - /Rk {H cglji(z)} f(z)dz. O

By the same argument as in the above proof, we can obtain the next result.

Remark 4.3 Generally it follows for p > 3 that

ﬁXﬁf,{’] / {Hcﬁl_q } 2zt R (a2 Xy ). (429)
j=1

J=1

n
Ei—l

Proofd] Obvious. O

Lemma 4.7 Suppose Conditions A1, A4, A5 and (4.2). Then

B [Xi{gh{mm Sh%}] _ R@,Ag%’h}jp,xﬁ ) (4.30)
n (1) (1 l1,l2) l lo
B [ XX s sy = (ﬁ“ ? / _ adh@ ) dz)
+R (a, A plt2e, Xt;_ll) , (4.31)
3 3
n lj
By H 1{|A X"|<h”}] = hn/< {H cg_i(z)} f(z)dz
: Z|SEn j=1
YR <a, A L0\ 2. Xt;_ll) , (4.32)
4 4
n (15 lj
B, fo,fl{mmﬁg}] = hn / } {Hci_kz)}f(z) dz
jzl Z|SEn jzl
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R (X 00

+R (a, A Rl s 3 X%) , (4.33)
where JW) s 4 polynomial growth function such that
lim J(l17lz,l37l4) — 6(11712)ﬁ(13,l4) + ﬁ(ll,l3)ﬁ(l27l4) + ﬂ(ll’l4)ﬁ(l2’l3).

Moreover, for p > 3, we can also write that

p

frinena] - {0}

Jj=1

n
Ei—l

+R (a, A plawe g2, Xt%h) L (4.34)
Proofd We shall show only (4.33). The proofs for others are done similarly.
Let M;,.,(0) = [T0_, X1,
E, [Mi,n,41{|Aan‘§h;}} = E, |:Mi7n,4]-0i’fo(an)} + By [Mi,n,41031(an)]

since |X |1cn ) < holen o,y and PP {C](e,)} = R <a A\En hn,Xt;il). On the
other hand, we shall notice that the diffusion with jumps X follows the following

stochastic differential equation

on the set {J(¢,) = 0}. Therefore, we can replace X in E" | [M;al{n(,)=0}] with
Y which follows the differential equation (4.35) and which is independent of J(g,),
that is,

E, [Mz,n,4lcgo(sn)] = Bl [Minalyne)—oy) — B |:Mi,n,41DZO(sn):|
4
HY(lj)
=1

for any ¢ > 1. The last equality is obtained by Lemma 4.4. We can calculate the

_ n
- Ei—l

P {J%(e) = 0} + R (a, he, Xt;il)

expectation E* [H i=1Yin } by applying Proposition 2.6 and Lemma 4.5 (4.24) with

Ly to

Ezn—l |:gz(1llw7l4)(}/t?’nn 1) )

i—
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that is, by the same argument as in Lemma 4.6, we have

_ (%)
= h, /|Z|<En {H ci_l(z)}f(z) dz

Jj=1

4

H vy )

J=1

n
Ei—l

+ hijglvl%li‘nl‘l) (thl, Oéo) R (Oé h3 Xt;il) ’

) n’

where

4

4
J7(Ll1712,l37l4) (x7 O[) = Z aq(llj;)—l (0> / {
‘Z‘San

1o i)
+ ELn,oag4l ! (yvx)}y:x7

c(lj)(x, 2, 9)} fo(z)dz

J=LlJ#k

and it is easy to see by simple computation that

1
lim JUt2B) (1 00) = = lim Liaoggl"“’l“)(y,x)‘

n—o00 2 n—oo

/8(l17l2)ﬁ(l37l4) + ﬁ(hh)ﬁ(lzh) + ﬁ(l1,l4)ﬁ(l27l3)

y=a

since f\z\<sn gn(z,2)f(2)dz — 0 for g, — ¢ which is integrable with respect to the
measure f(z)dz. O

Corollary 4.2 Forp>1,

HXf,?l{AiXM}] = hn / i {Hc221<z>}f<z>dz

j=1 j=1

n
Ei—l

+R (a, A plre g2 thfl) . (4.36)

Proofl] These are immediate consequences from Lemmas 4.6 and 4.7. O

4.6 Limit theorems

Proposition 4.1 Assume Conditions A1, A2, and that )\((f")hn — 0 asn — oco. We

denote by g(x,a) : R x Z — R a function which satisfies the following conditions:
9" (z, )] < L(z,q), 10ag™], 09" < C(1+ |z[)%,

where L(x,«) is a w-integrable function for all o, and there exists a function g(z, )
such that

g (z,a) — g(z,a) 7-a.s.



104CHAPTER 4. PARAMETRIC ESTIMATION IN INFINITE ACTIVITY MODELS

asn — 0o. Then g(x,a) is a w-integrable for all o and

sup |- Zg“” )~ [ sta.a)dr(@)| Lo, (437
aE=
1=~
sp [ -3~ 04O g oy — [ 9(o.0)dr(a)| o0 (4.39)
== =1

Proofd The m-integrability of g(x, «) is the immediate result from the uniform in-
tegrability of {g(™(z, a)},.

Let us show the convergences for fixed a. On (4.37),

{ > 4o = [ ool >e}
e St [ s
— ) o) — s, X)) AS
= n — 9i-1 nhn 0 g
+rll= /nhn (X, 0)d /nhn (Xo,a)ds| > &
sy ) AsS — s, X) dS —
niy Jo g nhy Jo g 3
el [ g0y~ [ otwapman)| > §
s, ) ds — x,a)m(dx — 0.
nhy o 9 3
The third term converges to zero by Assumption A2. Let us call the first and second
terms P! and P2 respectively, then

>e
3

3 1 1 [mhe
pl < ZF —Ej () / (X, a)d
n = € n p gz 1( ) nhn 0 g ( ,Oé) S
3 B 1 n tn w )
< -FE E 19" (X5, ) — g; 24 ()| ds | .
€ nhy, — Jir

Applying Taylor’s formula and Schwarz’s inequality, we have

nhez/ lX — Xa |])1

x <E </01 0,9 (X, +u(X, — X ) du)2] )é ds.

Lemma 4.5 yields that

nh,e Z/ C|S — (14 |Xt771|)0]>

1

(B[ +1Xq,)])" ds

1
2
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1 < g
— ¢ |M2d

O(v/hn)

IN

and

3 nhn
e [ B () - el a

= 2 [1g"w0) - g(a. ] dr.

This converges to zero by Lebesgue’s convergence theorem.

The convergence (4.38) is immediately deduced from the fact that

1<~ ) ) (
n 291_1(@ (1 - 1{|A¢X"\§hﬁ ) = - Zg 1{|A X7 |>he,
=1

= Op < )\g':n) hn) .

Finally we have to show the uniformity of the convergence in «. We will only

show (4.37). The one for (4.38) can be proved similarly. Let s,(« Z g;" 1

and we regard this as a random element taking values in (C(2), ] - ||) and we will
check the tightness of this sequence; see Remark B.1 in Appendix B. Since we already

showed the convergence of the marginal distribution of s, («), the tightness is implied

by sup F {sup |8asn(a)|] < oo; see Corollary B.1, and it is clear from Assumption A2.
D n (0%

Proposition 4.2 Assume Conditions A1, A2, A4 and A5, and that )\((f”)hff — 0 and
AE i1 = O(1) as n — co. We denote by g(z,a) : RY x = — R a function which

satisfies the following conditions:
9" (2, 0)| < L(z, ), 10ag™], 10:9"] < C(1+ |2])°,

where L?(z, ) is a m-integrable function for all a, and there exists a function g(x, )
such that

g (z,a) — g(z,a) 7-a.s.

asn — oo. Then g(x,a) is a w-integrable for all o and

n 1) l P
o Zg“ )Xo X Ly xmaney / g(w,0)3" ) (2)dr  (4.39)

uniformly in .
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Proofd0 The m-integrability of ¢ is shown similarly as in the proof of the preceding
Proposition.
On the convergence of (4.39) for fixed a, we set

1
nh,

n (1) o (1
&' (a) = gi—l(a)Xi(,rlL)Xi(,;)1{\AiX"|ShfL}'

We show that
A=Y LG @] [ ol @ Bi= DB € @)] o
=1 i=1

Applying Lemma 4.7 and Proposition 4.1 to A,,, we have

n

1
A= V(s [ ) @ s de R (XX )
‘Z‘San

—>/xa Ut (1) dm

(I1) (I2)

since || c;1¢.21(2) f(2) dz — 0 according to Assumption A5. Similarly, applying

|z|<en
Lemma 4.7 and Proposition 4.1 again to B,,, we see that

B, = n;ﬂ%;@&af / IQn{jljl(cE?i)z(z)}f(z)dz

— 0.

This ends the proof of (4.39) for fixed a.

The uniformity in « of the convergence (4.37) is shown by checking the tightness
criterion sup,, E [sup, [0a Y iy &M()]] < o0.

By using the equality (4.33),

00> EMe)
i=1

Ly i (1) g (2) 1/2
T3 {E[sgpmagi_l(a)p}} (B[RO L ]}

Here, using Corollary 4.1, we have

E [|Xi(,lrll)Xi(,l72l)|21{\Aixn\§hz}]

(1) v~ (L) l
= BIX0 XS PLgscoananen=o | + B X0 X PLgacorcn e

E |sup
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= 0(2)+0 (\nr).

Hence we find that E [sup, [0a > 1, &M(e)|] = O(1) as n — oo. This completes the
proof. O

Proposition 4.3 Assume Conditions A1, A2, A4 and A5, and that )\((f”)hfl — 0 as
n — oo. We denote by g(x,a) : R? x = — R a function which satisfies the following
conditions:

9" (x, ) < Lz, a),  [9ag™|+18:9"| < C(1+|2)%,

where C' is a constant, L*(z,a) is a m-integrable function for all o, and there exists a

function g(x,«) such that
g (z,a) — g(z,a) 7-a.s.

asn — oo. Then g(x,a) is a m-integrable for all o and, for p > 1,

p
(n) 7 (45)
nh Zg o) [T X L xnong
j=1
p
P, / / g5, 0) [[ 9 (. )£ (=) dedm,  (4.40)
j=1

uniformly in .

Proofd We set

p

H 1{\A ;X7 >hf,

J=1

i () =

for p > 1. We shall also show the following.

A, = Z Do _>// mH e, 2)(2) dad,
B, = Z ()] =5 0.

Applying Corollary 4.2 and Proposition 4.1 to A/, we see that

N——

_ —Z V[ TT@ s s+ R (= X
‘Z‘>5n‘7 1
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“ ffaot

J

) (x, 2) f(2) dzdm,

and, similarly,

Bo= ()] lm{H(cE?i)z(z)}f(z)dz

i=1 Jj=1

+ R (0, Cn2, X )

— 0.

This is the proof of the convergence (4.2) for fixed «.
Let K(v,y) = sup, [0.9(x)|[T}—, |ya)— — hnaq(fj)(xﬂ. Let us show the following
tightness criterion:

n

1 n
sup — ZE [K(thgl,ﬁiX )1{|Aixn‘>h7pl ] < 00.
n n =1

For fixed i, notice the decomposition

5

K(z, c(z,2))f(z) dzdw} => L,

k=1

E K(Xt;-tl»Az‘Xn)l{manphz} — I //

|z|>en

where

L = E _K<th:1=AiX"ﬂ{mixnbhz}—K<thalaAz’X”ﬂ{Jﬂewzl}}7
B K(Xt:lu Aan)l{J?(an)=1} - K(Xt?,lﬁXT?(En))l{Jf(an)zl}} )

&

k3
n

I; = E K(Xt?1>er<an>)1{Jf(an)=1}—/ /K(Xt?1>C(Xt?NZ))p(E")(dz,dS)],
t’L

1

-
I, = FE / /K(Xt;zl,c(Xt;zl,z))(p(a")—q(E”))(dz,ds)],
o,
i
o= Bl [ KO X 20 s b
tia

— hy / / . K(z, e(z,2)) f(2) dzdw] .

See Lemma 4.1 and 4.4 on the definitions of 77*(¢,,) and J}'(e,).
On I, and I3 , using Corollary 4.1 (4.9) and taking the same argument as in Propo-
sition 3.4, we can obtain that I, + I3 = O ()\((f")hi/z). Moreover, it is easy to see that
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Iy + Is = 0. Let us estimate I;:
L = E [K (Xep 5 AiX") (1tho<sn> + Laixni<ht, =13 + 1{|A¢X"\>hz,Jr<sn>z2}>] :
Noticing that

E [K(Xt;.gl, Aan)1{\AiX"|Shﬁ,Ji"(€n)=1}}

B p
< E supﬁalgi—l(a)IH(hZ+hnlan,i—1|)1{Jf(sn>:1}]
L« j=1

:%

= FE |sup 3a|9¢—1(04)|

(h7, + holani 2 )P {7 (en) = 1}]

<.
Il
—

= O™ hr™Y),

and that P {J'(s,) > 2} = O, (()\((f")hn)2) and Holder’s inequality, we see, for
arbitrary 0 < 9 < 1,

I = O(hs) + OO 1) +0 (A ha)*)
26
= O()\(sn)th—kl) +0 <<)\(()€n)hi;(25)l) ) 0

if we take 6 as 271(1 — p)~! < § < 1. Therefore,

1 n
— ZE [K(thll»Aan)1{|Aan\>hz}} o // K(z,c(x,2))f(2) dzdm < 0.
™ oi=1
This completes the proof. O

Proposition 4.4 Assume Conditions A1, A2, A} and A5, and that )\((f”)hff — 0 as

n — 00. Then

P
‘Zlé? nhy, Zgz 1 an{\A Xnj<hg | T 0, (4.41)
where 1 =1,2,... ,d, and a function ¢ (x, ) is given in Proposition {.5.

Proofd Set

n n 1 o (!
(@) = Ga) + g (@O X axpin,

_ 1 _

where ('(a) = Tgi_l(oz)Xi(l,)L. The convergence of Y "' | ("(«) for each « is similar
nhy ’

to the proof of Proposition 4.2.



110CHAPTER 4. PARAMETRIC ESTIMATION IN INFINITE ACTIVITY MODELS

Let us show the tightness of {>_7" | (*()},. The tightness of the second term in
the last right-hand side has been proved in Proposition 4.3. Therefore, we only show
the tightness of {>_7 Ef(a)}neN. The proof is similar to the one of Proposition 3.3;
see Theorem B.8 in Appendix B. We show, for any N € N and a constant H > 0, that

E (Z @-“(a))

IA

H, (4.42)

i=1

<Zg ay) Zg (a2)> < Hlag — ay?. (4.43)

We only show the inequality (4.42). The inequality (4.43) is similarly proved[
Setting H(s,o) = > 7" gim1(a)1pn 4m)(s), we have

n nhn
Fne N H(s, a)a® (X / I L (X,) dW )
;g, @ = - {/ (5,0)a )ds+z [ H s, a0 aw

(nll% /O " (s, 0)a®(X.) ds) QN]

Therefore,
1 nhn 2N
( H (s, a)b")(X,) dW,ff)) ]

(Zcﬁ@)) < ON{E
nhy, Jo

[y r——
+E ( Zg, 1l 1>N }

Applying Jensen’s inequality and Burkholder-Davis-Gundy’s inequality, we see that

n 2N nhn
(Zma)) < CN{H}M /0 E[H*Y(s,0)(a(X,))*"] ds

ORIED M ORI
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_ nhn 2N (¢ o) (D N2V o(ds. de
b [ [ B ) )™ (a2

Lo 2N
+E || = ial) .

One can see that these all are bounded because of Condition A20 O

4.7 Proofs of the main theorems

4.7.1 Proof of consistency

We show the proof of Theorem 4.1.
nhplym, 0

0 nlp,
and we set W, (a) = M4, (a). Then, there exists a function ¥(«) such that

We set M, = ), where I, is the m-dimensional identity matrix,

sup | W, (@) — W(a)] - 0,

since, by Proposition 4.1 - 4.4, we can obtain the following convergence under Condi-
tions Al - A6 and )\((f”)hﬁ —0asn—0:

1 n
he Z {¢§7172,q + %(7272711} ()
" oi=1

£, /{HQq(x,c(x,z,Qo))fgo(z) — Hg,(z,c"(x,2,0)) fo(2)} dz

d
+ 3 [ 90,a®(,0) (57 (2, 0) " {a® (2, 60) — a®(x,6)} dn(z)
k=17 R

_ /Uq(x,ﬁ,a) dr(x),

and

%Zzﬂgﬂ,(a) i {tr [6075—1(%0)/8(17,00)} + arcr{ed:ﬁt(—i(l;)a)} dm(z).
=1 )

Rd

These convergences are uniform in o and W(«) is this limits. Therefore, the similar

argument as in Section 3.5.1 yields the consistency of &, to . We omit the details.
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4.7.2 Proof of asymptotic normality

According to Taylor’s formula and the definition of &,
1
| a0+ (@ = @) ds (@~ a0) = ~uan).
0
By multiplying M, Y2 from the left in the both sides, we obtain that

1
/ Cn (QO + u(dn - Oéo)) du - Mn_1/2 (dn - aO) = _Ln(a0)> (444)
0

where

i On (@) 0 () Ly (a)
= "7 0o I v
Cn(a) < 1hn69¢7(z2)(04) %aﬂﬂg)(a) s Ln(a) ‘

n

If we notice the relation (4.44), the following two lemmas easily deduce the desired
results.

Lemma 4.8 As A e — 0 and A hi=1 = 0, we have

By p2)

. P
(i) Cn(ag) — B, where B = < B pe2)

)7 BUY = K" B22 = 2K, and
B(12) — B21) — .

(i) sup |Cpla+ ap) — Cp(ao)] L0 for any positive sequences 8, — 0 as n — co.
|a|<én

Lemma 4.9 Assume that A7 he — 0 and n(AF)2h% — 0. Moreover, we take

p(> p) so tha,t/ |22 fo,(2) dz = o (n_l/z). Then

2l <en
Lo(ao) —% N, (0, B),

BuLL  Ba2)

where B = ( B e

) and BYY = Ki', B?? = 4K, and B2 = B2Y = 0.

We shall prove above lemmas in the subsections below. This ends the proof. O
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4.7.3 Proof of Lemma 4.8

By simple computation, we have the following first derivatives of ¥,,: forp=1,... ,my,
s =1, , M2,
o) Ao @) TT 50
aep%ﬂ,q(a) = Z aepGn 1) H Xi,ﬁ 1{\AiX"\>hfL}
Q=2 j=1

Qq Q'
! — lj
+ Z Gfﬁll(a)a@p {HXi(,n)} 1{|AiX"\>hﬁ}
Q=2 Jj=1
Z 2w
— h, 0, (2,0 d
>0 / JTee00) o

—_ k,l >
On, i g(@) = Eae,,ae a1 (0) (B2) ™ ()X 0L min)

k=1

(k,1) !
— h, Z 39,, m 1 ( ) (U)aeqaiz,)i—l1{\AiX”\§hfL}’

k=1

am@bz(ln)q( ) = Z_: (aﬁer 1 ){HX(Z }1{AiX”>h5}
_ i(aﬂaml )/ {ﬁ ize} (2) dz,

Q=2

a"ﬁbmq( a) = Za@zan,i—l(e) (@arﬂ{_ﬁ)(k’” (U)Xz‘(,gl{mixn\gh%}’

k=1

aepwznr( ) = aUTwi(QTzq( )

aOswznr( ) = Z h aUSaOT (61 1)(kl ( )X(k X(l 1{‘A X”\<hp}
k=

1

+ Z 07,05, 10g det B2 145 xochg)-
k=1

Applying Proposition 4.1 and 4.3, we easily obtain that
lim

tiy 3042 o

n;oonh ZZ@G ml HX Lojaxnsng

i=1 Q'=
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.
i3S 6 0{HX}{

i=1 Q'=
n QCI

~ im0 G (@), /ch e
i=1 Q'=2

% //aePG(QI)(x’O‘)Hc(lj)(ﬂfazaeo)feo(Z) dzdm
_Z/{ xaagp/ HC gfzeo)feo()dz}dw

This is the convergence in probability uniformly in a. Moreover, by Proposition 4.1
and 4.4,

1 « i
o Z@eﬂg,q Z /39,, (kz &)qa(l)(%a) dn
moi=1

k=1

_ / (95,0)° 87 (90, ) (x, o) d,

n\ﬁZ{é‘wm (@) + 85,02 0)} L0,

09 (a) = RS 2) P
\/_Z 91) znr nﬁzaa"¢i:”vq(a) — 0.
noi=1

These convergences are also uniformly in «. Furthermore, applying Proposition 4.1
and 4.2, we have

1 n
2 o0l S [ 0000 (57 @)™ 54z, 00)

k=1
+ /805807 log det 5(z, o)dm
uniformly in o. Hence

1 n
>0l lan) = — [ 10[0,5710,.5) (2.00) dr
1=1

~ [0 @05 ) @ on)dr. O
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This ends the proof of (i).

115

The proof of (ii) is very easy. Notice that the convergence of C,, is uniform in

the parameters and that the uniform limit of C), is continuous with respect to the

parameters. Denoting by B(a) the uniform limit of C,(«), we have that

sup |Cp(a+ ap) — Cp(ay)]

la|<en

< 2 sup |Chla+ag) — Bla+ ag)| + sup |B(a+ o) — B,

lor|<en

lor|<en

where B = B(ag). The last side tends to zero as n tends to infinity.

4.7.4 Proof of Lemma 4.9

According to the central limit theorem for a triangular array; see Theorem A.3 and its

remark, it suffices to show the following conditions:

n 1 . P
S| |t ]| 0 w12,
i=1 nhy,
- I 3 P
Z Ezn—l |:— z(nq:| - 07
~ 1 T ,
S B [ty L D 0=1.2)
, nh, “™M1"H™e
i=1 v=1,2
= 1 | rr!
ZEZTL—l [_wfi,rwgiz,r’ L 4K2(’ )7
i=1 n
iE." Lw@ e ,_ P00
p i—1 nhn ,M,q 7 1,n,q ] ’
iEﬁ_l L g0 y@ ] 20 w=12),
p n hn ,n,q z,n,q_
n 1 2417 P
S B, ‘ v = 0 (v=1,2, v>0),
P nh, |
Xn: 1 @) 247 »
E?—l '—¢znr — 0 (V>O)7
P Vn ]
where ¢,¢ = 1,2,--- ,mq, and r,v' = 1,2,--- ,ma.

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

It is not necessary that v for

v =1,2in (4.51) and one for (4.52) are the same value. The same argument was done

in the proof of Lemma 3.9.

Proof of (4.45).
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For v = 1, applying Corollary 4.2 (4.36), we have

n

>

i=1

B
i—1 [F znq:| nh

1 <a’ AR B Xt;-tl> ] ‘

= 0, (Vihazi?) +0, <\/qmvm)

2,00,

For v = 2, applying Lemma 3.38 (4.30), we have

n

>

1=1

= [

()
- / Zzaeqnzl ) Ezan“?lA n|<hf ‘
nhzlkll |: {|X|<}:|
= Op( nh£+2p()\(5n))2>
Lo
Proof of (4.46).

Applying Lemma 3.38 (4.31) and Lemma 4.4, we have

- 1
n (3)
1 n
= =S| |tlon, 5745 M) f(2) dz + R (a, \EDn2, X,
\/ﬁ i=1 {r[ 67-@_15 1]+/|;|Ssn G161 ( ) et <a ti”)
19) ,detﬁ_l
Zor 7Rl )\(En)hn Xon )
+l det By ac ! t)H
agr detﬁz 1

Noticing that tr[0,, B 6;i_1] = — and fz\<a 122 f(2)dz = o (”_1/2)’ we

det B
have

n

D

i=1

1
o[

7 = 0, ( n()\(ﬁn))%ff) +0, ( n(A(En)hn)2) +0,(1)

L0
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Proof of (4.47).

Applying Corollary 4.2 (4.36), we obtain

n

Z i—1 |:—wznqwz(%1q:|

i=1

n QaQg Q+Q’
= nh Z Z an 1 nz 1 [ X 1{AX7L|>hP}]

i=1 Q,Q'=
n Q(IQI Q

——Z Z GG / {Hc5?1<z>}f<z>dz
i=1 Q,Q'= " U=

mn
x B,

Q/

(1)
H XiJJL 1{|AiX”>hﬁ}]
j=1

h n QCI7Q:Z

n (9)

+ ; H Gn,z—l (/k {
i=1 Q,Q'=24¢=Q,Q’ R

Moreover, applying Lemma 3.38 (4.31), we have

n 1 n
> B { wﬁqumq] - nhanEf_l

i=1

(Z aeq nz 1 )kl) Xz(,?b>

k=1

(k1) (1)
(Z 69, m 1 ) Xi,n) 1{|AiX"|§hZ}]

Proof of (4.48).

Applying Lemma 3.38 (4.31), (4.33) and Lemma 4.4, and noticing that

4
/ Hc,(l_]i(z)f(z) dz = o, (hip/n_1/2> ’
‘Z‘Sgn j=1

since |c(z, 2)| < Cz|(1 + |2]) on the set {|z| < 1} and f‘ngn 2|2 f(2) dz = o (n™V/?),
we have

n 3 3
ZEZ 1 |: 1(737“77Di(,73,r’:|
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Y > (0, 57"

” 1=1 k,Lk",l'=1

n [0 g0 ) g0
< B (XXX X 1{‘Axn‘<hp}]

05, det (3;_ .
nh ZZ dete@ﬂ 1 8(,,5 ) Ez 1 [X(k)X(l)l{lA X"\<h”}}

=1 k,l=1

1 aar det ﬁi—l —1\ (K1) n v (k) (")

Oy, det B;—1 0o, det B;_y
- Lpn AX™ < AP
+ - n ; det ﬁz—l det 6@— 2—1{‘ | — n}

- _Z Z 0@6@ 1 (kl (aowﬁz‘_—ll)(klm Jr(Lk’l’k/’ll)(Xt;LNa)

i=1 k,lk'l'=1

30— , det 57, 60'7 det 61 -
_Z det 5;_1 [ v i 1@ 1 Z det 5;_1 [aawﬂi—llﬁi—d

Z Oy, det Bi—1 0o, det B;_y
det ﬁz—l det 6@—1

+0, (A((f"’hip—1> .

znr i,n,r

Hence Z { P ,] L5 4K by Proposition 4.1 (4.37).
Proof of (4.49).
By Lemma 3.38 (4.30), we see that

n n  Qq Q'
LT 1 : ’
A R I W I R I EXCI YO
n i

i=1 i=1 Q'=2

d
k —1\ (kD) (1
X Z aeqafz,g—l (51'—11) iy [Xz‘(,il{mixnghﬁ}]
k,l=1
- 0, ()\((f”)h}fp> 0.

Proof of (4.50).

For v = 1, applying Lemma 4.4 and Lemma 3.38 (4.31), we have

= LW e Q' o)
;Ei_l {n\/ﬂ%’”’q%’”’q’] B \/_ Z Z Gm 1 /k {}:[1 Ci—l(z)} f(z)dz

=1 Q'=
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d
(kl n [ k) w0
[Z By |:X7L(,n)X7L(77)L1{\AiX”|§hﬁ}}
0’ detﬁi—l
hp——P" {|AX"| < K
+ det ﬁi—l z—1{| | — n}

- 0,(vi).

For v = 2, applying Lemma 3.38 (4.30) and (4.32), we have
S B [ ]
p 1—1 n\/m 1,n,q 7'1,n,q
Vh d kL RN
- Z Z 39q m 1 )( )affr (@'—11)( :

1=1 k,lk",l'=1

n k)
X By [X X( X‘ )( )1{|A Xn|<h”}}

k) Op, det i1, 0)
n\/_z Zaeq A i— 1 z 1) WEi—l [X 1{|A X"\<h”}

=1 k,l=1
= 0,0 ),

Proof of (4.51).
For v = 1, applying Lemma 4.2 (4.36), we have

n

S
C SN @)
< iy 2 2 (6 )

1
' v

24v

Loaxen s}

i=1 Q'=2
h2+u n @) Q’ ) v
Y z e, / AT s as
i=1 Q'= 7=1
1 h711+u
= O (n”/thﬂ) O (n”/2h2/2>'
For v = 2, applying Lemma 3.38 (4.34), we have
n 1 2 24+v
E" (
; i—1 ‘M¢z7nq
c - ®) (A \ED P o | e PT
< (nhn)1+u/2 Z )aeqan,i—l (ﬁi—l) Ei—l ‘Xz,n 1{\AiX"\§hfL}
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1
= O <nV/2hZ/2> '

Proof of (4.52).

Notice that, from Lemma 4.3 (4.8),

k) v v v
[lX( X( |2+ 1{|A Xn|<hE, I (en)m 0}] R <a, h§LQ+ )/2A(1+p )’th ) ’

i—1

and that |XZ-(Z)XZ-(2| =R (a h2e Xt?ﬂ) on the set {|A; X" < hL,J"(e,) > 1}. Then

» ' n <

@) 24v
3

'ﬁ¢i,n,r ]
(k)

0 32 (5 [

=1 k,l=1
60'7" detﬁl
n1+u/2 Z det ﬁz

) h7(12+z/ /2/\(1+p v) o A\(En) h1+2p(2+1/) o 1
- P nu/2h%+1/ +Op V/2h%+u + 0 nv/2

o )\(an)hip—‘l(l—QP)/V 1
= Op ((nhn) /zhnl) + Op ( + Op (W)

we see that

i—1

2+1/

1{Aixn<hﬁ}}

>' PRI < 1o}

nh,

The last right-hand side tends to zero as n — oo if we take v to be sufficiently large.
This completes the proof. O



Chapter 5

Nonparametric estimation of Lévy

densities

This chapter concentrates on the density estimation of Lévy measures, which are one of
the most important characteristics in jump-processes. We regard a large increment as a
jump size approximately, and apply the idea of the usual kernel density estimation. We
prove that our kernel estimator has the consistency in the sense of the mean squared
error (MSE). In Section 5.4, we show some simulation results and point out a practical
problem on our asymptotic filter. We shall give some intuitive solution for that problem

meanwhile, and more theoretical method is discussed in the next chapter.

5.1 Nonparametric framework

Up to the previous chapter, we have discussed the parametric inference for diffusion
processes with jumps. Parametric models can often be powerful tools to predict the
future’s phenomena once the true model is specified. However, in applications, we
sometimes face the trouble of a parametrization of a model since, for example, we
might get little prior information about the true model of the corresponding phenom-
ena, and we could not determine the specific parametric model. Therefore we might
need a rich parametrization which includes sufficiently many parameters. However it
could then cause some statistical problems such as identifiabilities, or the optimiza-
tion of estimating functions. On the other hand, too simple parametrization would
cause misspecifications of the model. To break out of this dilemma, a nonparametric
framework is useful.

As we have already seen, in the parametric inference treated in Chapter 3 and

121
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4, the ergodicity of the model was essential to obtain some convergence theorems
of estimating functions. However, in the practical case, especially in the financial
modeling, non-ergodic models are well used, and we need to prepare the inference
under the non-ergodic framework.

In this chapter we again return to a Poisson type jump-diffusion X:

dX; = a(Xy) dt + b(X}) dw, + /gc(Xt_, 2) (p — q)(dt, dz),

where a, b and ¢ are unknown Borel functions and ¢(dt, dz) = f(z) dzdt is an unknown
measure with fg f(2)dz < co. Suppose that the observations consist of the same type
of one as in Chapter 3 and 4; { X}y, 17 = th, with h, — 0 and nh, — oo.

There are only a few previous works about the nonparametric inference under such

a setting. Recently, Bandi and Nguyen [5] proposed some functional estimators of

higher order infinitesimal moments conditional on X;_ = x at any time ¢ > 0:
a(x), 02(1')+/02(1', 2)f(z)dz, and /ck(x, 2)f(z)dz (k > 2),
£ £

by way of the local time estimates. However their method could not generally give
the separate estimator of the diffusion part and the quadratic moment of jump size.
Shimizu [90] gave an estimator of only the diffusion coefficient separately under the
different sampling scheme; the terminal nh, is fixed, by using the same type of the
filter as in Chapter 3. Although we would not describe this method here since the
experimental design is different from ours in this thesis, it could be easily imagined
from the facts (4.31) and (4.36) in Chapter 4 that such a separation could be possible.
By the same idea as above, Shimizu [93] also proposed a kernel type estimator of the
Lévy density f(z) under our sampling scheme. This kernel estimator also enables us
to obtain the separate estimator of the quadratic moment of jumps; e.g. Shimizu [95].
In this chapter, we describe the density estimation of Lévy measures from discrete
observations.

Let us explain the idea of a kernel density method used in this chapter. If we can
obtain continuous data of X then it would be easy to construct consistent estimators of
Lévy measures by the analogy of the case where samples are independent and identically
distributed since we know all of amplitudes of jumps exactly. For example, we consider
an 1-dimensional model:

dXt = Cl(Xt> dt + b(Xt) d’UJt + dZt,

where a, b are unknown functions, w is a Wiener process, and z is a compound Poisson

process with the Poisson intensity 1 and an unknown distribution of jumps F'(z) dz. If
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we can observe whole the path on [0, 7], so we can observe the first n jumps (Az;)1<i<n
on [0, T, then we can estimate the density F'(z) by

n

ﬂ@):i%EZK(Z;f%> (5.1)

1=1

with a suitable kernel K and a sequence §,,, which converges to the true F' in the MSE
sense at the rate nd,; see Masry [65] for details. A more general type of inference from
randomly sampled data is discussed in Prakasa Rao [78, 79].

If we can observe discrete data only, it is natural to substitute the increments
of neighboring data for Az;’s in above F,(z) according to the context of Chapter 3.
Though we consider more general types of stochastic differential equations, the same

type of estimator can be available.

5.2 Notations and assumptions

We consider the following k-dimensional stochastic differential equation on a filtered
probability space (2,.%, (%)i>0, P):

dX; = a(Xy) dt + b(X;) dw; + /5€(Xt_, 2) (p — q)(dt,dz), (5.2)

Xo = o,

where ¢ is a random variable on R?, & = R?\ {0}, (wy)s>0 is a k’-dimensional Wiener
process, a(z) is an R*-valued Borel function defined on R¥, b(x) is an R¥ @ R¥-valued
Borel function defined on R¥, ¢(x, 2) is an R¥-valued Borel function defined on R* x
&, p(dt,dz) is a homogeneous Poisson random measure on R, x &, and ¢(dt, dz) is
its intensity measure, that is, E[p(dt,dz)] = q¢(dt,dz). We suppose that ¢ has the
expression q(dt,dz) = f(z) dzdt, that is, f is the Lévy density. Hereafter, it would also
be convenient to regard p as a random measure associated with a compound Poisson
process z of the form z = ST &; with the Lévy density f(z) = A\F(2).

We suppose that the process X; is observed at each time point ¢! = ih, (i =
1,2,...,n) in the time interval [0,7,], where T,, = nh,, with the asymptotics h, —
0, T, — o0 as n — oo. Our goal is to estimate the Lévy density f(z) from such
discrete observations.

Let C"(¢) (r=m+1,0 <l <1,m € NU{0}) be the space of real valued bounded
functions g, defined on R?, which are m times differentiable and such that

g™ g™

() o () <l =2
02" ... 0% 02" ... 0%,
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for every z,2 € R?; j; + -+ jg = m.
Throughout this chapter, we make the following four assumptions.

A1 f(z) € C"(0) for somer >0 and m € NU{0}. Moreover 0 < [, f(z)dz < oco.

A 2 There exists a positive constant L such that |a(z) — a(y)| + |b(x) — b(y)| < L|z —
yl. Moreover, the coefficient c(x,z) is known, and there exists a function ((z) with
Je C%(2) f(2) dz < o0 such that |c(x, z) — c(y, 2)| < ¢(2)|lx =yl and |c(z, 2)| < ((2)(1+
2]).

A 3 inf, |c(x, 2)| > co|z| for a constant ¢o > 0, and y = c(x,z) has an inverse z =

¢ Hx,y) such that O, (x,y) is bounded, and that Oyc™'(x,y)|leCly| uniformly in x.
A 4 sup,s E[|X,[P] < oo for arbitrary p > 0.

Remark 5.1 We admit the case where the coefficients a(z) and b(x) are unknown.
The assumption that ¢(z, z) is known; A2, seems to be very restrictive. However if we
did not know ¢(z, z) then it should not be possible to identify Az, therefore we can
not estimate the distribution of Az. Nevertheless the readers may also be interested
in considering the case where c¢ is unknown. In this setting, for example, as kK = 1, an
integral such as [, ?(X,_,2)f(2)dz or E [ [, ?(X_, 2)f(z) dz] can be estimated; see
Bandi and Nguyen [5], Shimizu [92].

5.3 Density estimation and the optimal rate

5.3.1 Continuously observed case

Before considering the estimation from sampled data, let us consider the kernel density
estimation for continuously observed diffusion processes with jumps.

In the following discussion, we consider the space H,,; of kernels of order (m,[) (m €
NU {0}, 0 <1< 1), that is, the space of mappings K : R? — R bounded, integrable,
with the bounded first derivative such that fRd K (u) du = 1 and satisfying the following

conditions:
/d [(wg, o ug)[ug | g% K (u, - ug)| duy - .. dug < 00 (5.3)
R

for aq,... ,as e NU{0}; 0<a;+...+ag <m, and

/ uSt L uG K (. ug) duy - dug = 0 (5.4)
R4
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for ay,...,a, e NU{0}; 1<a;+...+ a3 <m.

Suppose that we can observe whole the path of X in [0,7], and let us denote by
7; the time point of ith jump of X. In the interval [0, 7], we can observe the samples
(Az;)1<i<ng, where Az, = ¢71(X,_, AX,), and we can regard them as the randomly
observed samples, whose number Np follows a Poisson distribution with the intensity
AT, from a stationary process with the marginal distribution F. Our interest is to
estimate the function f(z) = AF(z) from the above samples. A possible estimator is
given by the following intuitive discussion: as well as the i.i.d. case, a kernel estimator

of F may be given by

1 T z— Az
= K dN,
Npb: /o < or ) ;

where K € H,,; and Jr is a real sequence which satisfies some conditions. Since
Np/T — X (T — oo) with probability one, and the amplitude of each jump is inde-

pendent of the Poisson process NV,

N T z— Az
2= S Frle) = g [ (S5 am 55)

may be expected to become an L*-consistent estimator of f(z). Actually, Prakasa Rao

[78, 79] studied the same problem as d = 1. He studied some asymptotic properties of
the same type of estimators made by delta-type kernels. As d = 1, our kernel corre-
sponds to his special case but we deal with the multidimensional case. The following

theorem shows the consistency in the MSE sense and the optimal rate of convergence.

Theorem 5.1 Assume that there exists a real-valued sequence {dr} indexed by T such
that nr = 5TTﬁ — n for a positive constant . Then, the following inequality s
valid for the estimator fr(z) given in (5.5):

limsup sup 725 B| fr(2) — f(2)]* < C(n, f. K), (5.6)

T—oo zeRd

where

2
. I ) .
C.f K) = ( > / d |u|l|u1|ﬂ...|ud|ﬂd|f<<u>|du)

Jit+ia=m

“sup |f(z |/ K*(u (5.7)

z€R4
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See Section 5.7.1 on this proof.

Remark 5.2 The convergence rate T2 is natural as an analogy to the i.i.d. case;
see Ibragimov and Has'minskii [41], Chapter IV. If d = 1 then this rate is consistent
with the case of the delta-kernel 7' K (26;') as in Prakasa Rao [79], and this is a

natural extension to the multidimensional case.

5.3.2 Discretely observed case

We use the judgment proposed in Chapter 3 to discriminate the continuity from the
discontinuity of the path in each h,-time interval. The following lemma which justifies
the judgment is a corollary of the Lemma 3.3 in Chapter 3, and the proof is almost

the same as that. Therefore we omit the proof.

Lemma 5.1 Let J}' be the number of jumps in an interval [t},t} ;) and we set

2 2
{laxpi <Ly = Jcy, {1aX) > Loy = D,

=0 =0
for constants L > 0 and p € [0,1/2), where

CZ,LO = {Jzn =0, |Ain| < Lthz}7 DZO = {Jzn =0, |AXZL| > Lhﬁ},

Cpy = {Jr = LIAXP| S Lhg}, DIy = {J7 = 1,|AX]| > Lho},
Cry = {J7 2 2 |AX]| < Lk}, DIy = {J7 > 2,|AX]| > Lhg} .

Then, for any p > 1,
P{CZO|35[0_1 = e_Ah"R(Z h, Xt?ﬂ)v P{DZOL%H—J = e_Ah"R(Z hs, Xtiil)a

» 'Y ’) ')

P{CH| 1} = R(2. 00 X ), PADIIFT S} = Mhe " Rz, Xor ),
P{CP,| T} < N2h3, P{DI|F ) < N2h2.

The order of the conditional probability of C7'; in the above lemma is different
from the one of order h3 in Chapter 3. We assumed there that a Lévy density f(z)
satisfies | f(2)| < ¢|z|” (7 > 3) around the origin for estimation under the asymptotics
nh? — 0. However, we only assume the boundedness of f around the origin. Therefore,
it is possible in our setting that small jumps occur more frequently than the setting in
Chapter 3, and it would be more difficult to identify such small jumps. That is why
the order of the conditional probability of C7'; is smaller than the one in Chapter 3.
On the other hand, we have to demand a more rapid experimental design such that
nhlt® — 0 for a constant & € (0,1/2] instead of relaxing the assumption on the Lévy

density.
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Remark 5.3 One might think that the constant L in the filter is redundant since it
could be included in the sequence h,, by regarding h, as L~'/?h,. Nevertheless it is
convenient to leave this constant L since h,, is the observation interval, which is given in
practical data, and we should choose L in accordance with h,,. Actually we encounter a
problem that the filter does not work well when n is fixed in dealing with the practical
data. Selecting L suitably, we can improve the performance of estimation; see Section
5.4 and Chapter 6.

According to the context in Chapter 3, the amplitude of jump of X in the interval

[ n n

" ,,t") can be approximated by the increment A;X™. Therefore, we can estimate

an unobservable underlying jump of z as A;2" := c‘l(Xt;zfl, A;X™), and it would be

natural to use the following f,(z) as an estimator of the Lévy density:

1 < z— A"
fu(z) = 700 ;K <T) lgaxr>cngy (5.8)

where K € H,,; and {8, },en is a real sequence such that 7,09 — oo. This is a straight
discretization of (5.5).

Our main theorem is the following.

Theorem 5.2 Assume that there exists a constant v € (0,271(2r + d)(2r +d +1)71)
such that T,hY = O(1) as n — oo, and that there exist a constant p € [0,1/2) and a
real-valued sequence {6, }nen such that n, = (SHTNQTﬁ — n for a positive constant 7,
S he 1P = O(1) and Tnh}ﬂ&;_l = 0o(1) as n — oo. Then the following inequality is
valid for the estimator f,(z) given in (5.8):

limsup sup T2 7 B |f.(2) — £(=) < C, £, K), (5.9)

n—oo ZERd
where C'(n, f, K) is given in Theorem 5.1 (5.7).

See Section 5.7.2 on this proof.

_2r
Remark 5.4 The above convergence rate T,;""* is natural since this attains the opti-

mal rate for continuous case. However, without being particular about the optimality,
it is possible to improve the order of the experimental design, that is, it is also possible
to estimate under the assumption, for example, T,,h” — oo but T,,h? — 0 for some
v > 1/2; see the proof in Section 5.7.2 and the expression (5.32).

Remark 5.5 We sometimes can not check the condition A4. However this condition is

one of the sufficient conditions for the above theorem and the estimator f,(z) sometimes
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can work well without this condition if we construct the filter suitably. In Section 5.4.4
below, we describe how to construct the another filter under the case where the diffusion

coefficient b is known, and show the performance for that filter.

5.4 Simulation study

For simulation studies, we use the following one dimensional SDE:
Ny
dX, = pX,dt + b(Xy, 0) dw, + dz, 2= &, (5.10)
j=1

where N, is a Poisson process with the intensity A and ¢;’s are i.i.d. r.v’s with a density
F(z) which satisfies A1.

In Sections 5.4.1 - 5.4.3 below, we consider the case where b(z,0) = 0. This process
is called a Lévy driven Ornstein-Uhlenbeck (O-U) process, in which X is ergodic if
p < 0, and there exists an invariant measure 7. It is known that sup, F [| X;|’] < oo if
[ 127 f(2) dz < oo for any p > 0 and [, |z|? n(dz) < oo for n which is the distribution
of Xo; see Masuda [67], therefore, A4 are satisfied in this model. Of course, Conditions
A2 and A3 are satisfied.

In Section 5.4.4 below, we set b(z,0) = ox in which X is non-ergodic. It is not so
easy to check A4, and the condition would be probably unsatisfied. However, we show
that our method is robust without this condition if we choose a suitable filter. In this
example, we assume that the diffusion coefficient is known, and we propose another
filter which is data adaptive.

In each simulation below, we computed the estimated value f,(z) as a pointwise
sample mean based on 500 times experiments. We set Xy = 1.0, h, = n~%® and

K(z) = \/%—we_mz/ 2 as a kernel throughout this section.

5.4.1 Simple examples

First, let us consider the case where F'(z) is the density of Gaussian distribution N (0, v)
and (u, 0, \,v) = (—0.01,0.01,15.0,1.0). We choose p = 0.49, 6, = n """ and L = 1.0.
The estimation results are presented in Fig. 5.1. It will be comparatively easy to judge
whether a jump occurred or did not in this model; if a jump occurred then it should
be large compared with Brownian shocks. We see from Fig. 5.1 that the variance of
jumps seems to be overestimated since the small jumps are cut by the filter.

Second, we give another example for the model (5.10) with different parameters
such that (u, o, \) = (—0.03,0.01,1.0), p = 0.49, but F(z) is a density of the two-sided
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Fig. 5.1: Estimation of the Lévy density f(z) = A+v2mv) texp (—(2v)7'2?) with
(w0, A v) = (—0.01,0.01,15.0,1.0), p = 049, L = 1.0, h, = n~ 0%, §, = n~0!
for sample size 500, 3000, 10000 and 15000 respectively.

gamma distribution I'(«, 3):
F(2) = 5°0al*™' T @) exp(~la]) (511)

with a = 4.0 and = 5.0. We show the results with the sample sizes n = 500, 3000,
10000, and 15000 in Fig. 5.2. In this simulation, we set L = 0.2 in the filter and this

seems to discriminate the pure jumps from the diffusion shocks so well.

5.4.2 Some troubles in the estimation

In the first two examples, we took L = 1.0 in the former example and L = 0.2 in the
latter, and that p = 0.49 in common. How should we choose the constant L and p?
Thanks to Lemma 5.1, it may be better to choose p € [0,1/2) as large as possible
since the larger p becomes, the more easily the filter can judge a single jump. Hence we
consider the choice of L with p fixed as large as possible; in the sequel, we fix p = 0.49.
On the constant L, we could not choose L by the asymptotic theory. However, if
the constant L is chosen unsuitably then the performance of estimation can get worse.
See Fig. 5.3, in which we chose the true value of the diffusion parameter o(= 0.5)

larger than the one in the first example, and the other setting is the same. In this
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1 1 - 1
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Fig. 5.2: Estimation of the Lévy density f(z) = M3 z|* texp(—p|z|)/2T (o) with
(w,0, N\, , 3) = (—=0.03,0.01,15.0,4.0,5.0), p=0.49, L = 0.2, h, =n°8 ¢, =n"01
for sample size 500, 3000, 10000 and 15000 respectively.

case, the estimated densities are awfully overestimated, particularly around the origin.
It seems that the filter misunderstands the large increments by Brownian shocks with
by jumps, so the Poisson intensity is overestimated. This is a trouble caused by the
observation number n stopped.

Our estimator f,(z) is theoretically L*-consistent estimator and Theorem 5.2 en-
sures that our filter asymptotically works well for any selection of L. However, the
sufficient sample number can depend on the structure of the true model, therefore we
have to choose the suitable constant L according to n in each model. Of course, this
dose not imply that some choices of L possibly lead to the inconsistency of estimators;

this can be confirmed, for example, in Fig. 5.6 as mentioned later.

5.4.3 Selection problem of the filter

According to the discussion in Chapter 3, if the process X is ergodic, the estimator

A~

1 n
An(L) = nh Z Liaxn>1ngy (5.12)
n jzl
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Fig. 5.3: Estimation of the Lévy density f(z) = A+v2mv) texp (—(2v)7'2?) with
(1, 0.\, v) = (—0.01,0.5,15.0,1.0), p = 049, L = 1.0, hy = n~ %%, 6, = n~°! for
sample size 500, 1000 and 2000 respectively.

can be one of estimators of the intensity A. Fig. 5.4 shows the graphs of the L-
pointwise sample mean of 5\n(L) based on 1000 simulations for n = 500, 3000 and
10000; it corresponds to the approximation of the curve of E[\,(L)]. It is natural that
j\n(L) decreases rapidly in small L, and slowly in large L since the filter with small L
captures the increments by diffusions, whose order of numbers is O(n), as well as by the
true jumps, and the filter with large L hardly captures the increments by diffusions but
some large jumps, whose order of numbers is O(nh,,). Therefore, intuitively speaking,
it might be better to choose the smallest possible L at which the curve becomes nearly
flat. It implies that the filter excluded influences by diffusions as much as possible,
but does not exclude too much the true jumps. To see this, we presented in Fig.
5.5 the graphs of the numerical derivatives in L of the estimated intensity curve. In
order to avoid blurring of the pointwise calculated numerical derivatives, we plotted

the five-points moving average curves.

From the intuitive point of view as above, it is better to choose L at which the
derivative is nearly zero visually. In fact, by evaluating F [S\H(L)] analytically, we find
that such derivatives can approximately decrease in the same way as the tail of the

Lévy density f(z) after that the filter excludes the influences by Brownian shocks:
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Fig. 5.4: Estimation of the intensity A as f(z) = A(v2mv) 'exp (—(2v)712?) with
(u, 0, A\, v) = (—0.01,0.5,15.0, 1.0) for sample size 500, 3000 and 10000 respectively.

%E[S\H(L)] ~ 2e~Mn f(LhP) for large L; Lemma 6.1 in Chapter 6. Therefore the
derivatives can not be zero generally. However, if F'(z) has the light tail as the normal
density and A < n, then the curve of the derivatives look like zero compared with the

enormous influences by diffusions.

Remark 5.6 Though we calculated the L-pointwise sample mean of 5\n(L) based on
1000 simulations in Fig. 5.4, we could not calculate such a sample mean from the real
data which is obtained from an one sample path. However, if n is sufficiently large,
then we can use the estimator A,(L) from one sample path instead of E[\,(L)] since
IAn(L) — E[A(L)]| — 0 (n — 00) in probability for each L.

We can choose, for example, that (n, L) = (500, 1.2), (3000,1.6) and (10000, 1.7)
in view of Fig. 5.5, and the results are shown in Fig. 5.7. We also show the case
with (n,L) = (15000,1.7) in that figure for the purpose of reference. Though we
might not point out the optimal L exactly, the performances are dramatically improved
compared with in Fig. 5.3. It would be useful in some practical situations although
this is completely intuitive method. However, the constant L should be chosen from
more statistical point of view. A suitable method has never established yet, and it is

a problem to be studied for the future. However, in a simple model, we will discuss a
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Fig. 5.5: The five-points moving average curves of the numerical derivatives of S\N(L)
in L for sample size 500, 3000 and 10000 respectively.

statistical filter selection in Chapter 6.

For the purpose of reference, we presented the graphs of A, (L) for the model (5.11)
in Fig. 5.6. We will be able to guess that it would suffice to choose, for example,
0.15 < L < 0.2 for each sample size. As already mentioned, L = 0.2 was enough.

The view of Fig. 5.6 also implies that our filter works asymptotically well for much
smaller L than 0.2. Look at the curves around the interval [0.06, 0.07] for each n. The
intensity for n = 3000 is estimated larger than for n = 500 by some misjudgments,
however, it appears to be closer to the true value as n = 10000 than the case where
n = 500. This implies that the consistency is true for the different selection of L. In the
example of Fig. 5.4, we could not show such phenomenon visually because of the too
slow convergence of estimator. Intuitively speaking, the probability of misjudgment of

jumps is about
po = P{lown,| > Lho} =2[1 = ® (e LV, pe0,1/2).

In the setting of Fig. 5.4, pigoopo = 0.031326 and pis000 = 0.031318, therefore the
misjudgment is hardly improved at all. We would need to choose the sample size n
enormously large to demonstrate the consistency of f, regardless of the selection of
L in that setting, and it would exceed the ability of the usual calculator. However it

must be possible to obtain the same result as in Fig. 5.6.
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Fig. 5.6: Estimation of the intensity A as f(z) = 27'A\3%|z|* T (a) exp(—f|z|) with
(1,0, \, a0, ) = (—0.03,0.01, 15.0, 4.0, 5.0) for sample size 500, 3000 and 10000 respec-
tively.

Remark 5.7 Although we discussed the selection method for L in the case where X
is ergodic, we recently find that the estimator j\n(L) is consistent to the true A\ even
if X is non-ergodic; see Shimizu [95]. Therefore the above method could be available

when X is non-ergodic.

5.4.4 Data adaptive filter

In the previous section, we described the case where the diffusion coefficient is a con-
stant. When the diffusion coefficient depends on X;; for example b(z) = oz, some
simulations show that the behaviors of A,(L) in L are unstable. However, if the dif-
fusion coefficient b(x) is known then we can construct the data adaptive filter which
improves the performance of the estimation.

In this section, we consider the special case where the coefficient b is known. Al-
though the method described below is just a numerical one, it would sometimes useful
in some applications.

One can see by the discussion in Chapter 3 that it may be possible to replace a

constant L by .%;-adapted process L;(h,) which satisfies some moment conditions and
Lin (hyn) = Op(h%) as n — oo, and to make the filter {|A; X"| > L (hn)}-
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Fig. 5.7: Estimation of the Lévy density f(z) = A+V2mv) texp (—(2v)7'2?) with
(g,0,\,v) = (=0.01,0.5,15.0,1.0), 6, = n~%! for sample size 500, 3000 and 10000

respectively.

Suppose that b*(X; ) > 0. Note that, in one dimensional case,
Nip = (AX" = a(Xep V) (0 (Xgp V)72
approximately follows the standard normal distribution, which satisfies for large n that

AZXn — a(Xt;LJhn |A2X”|
> Uay, /2 oy, Pl ——MmMmMm > Ugy /2 ¢ 5

b2(Xn  )hn b2(Xyn )y,

where u, is the z-percentile of the standard normal distribution. Therefore

Lin = tan oy /B2(Xen Vo V RE (5.13)

will be expected to improve the judgment of jumps. Here, we should choose the level
o, so that it depends on the observation number n since the extent of misjudgments
depends on n.

Let us consider the following model, which is a non-ergodic case:

dXt = /LXt dt + U(]Xt d'lUt + dZt,

with the Lévy density f(z) = -2 exp (—2—) and (11, \,v) = (—0.01,15.0,1.0). We

assume that og = 0.5 is known. We chose «,, as a,,n = 15 for n = 500, 3000, and 10000.
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Fig. 5.8: Estimation of the Lévy density in the model dX; = uX; dt + oo X; dw; + dz;
(0o = 0.5 is known) and f(z) = AV2mv) texp(—(2v)712?) with (u,\,v) =
(—0.01,15.0,1.0), p = 0.49, h, = n7%% §, = n7%! and a,n = 15 for sample size
500, 3000 and 10000 respectively.

This implies that respectively 3%, 0.5%, and 0.15% of the large shocks by diffusions

are misjudged as jumps.

The estimation results are presented in Fig. 5.8. It seems that the influences by
diffusions are well excluded. However, it is not necessarily the case where f,, becomes
a good estimator as n increases with a,n = 15. The next Fig. 5.9 shows the results
of the case 100, = 0.1(%) and 0.15(%) as n = 15000. As 100c,, = 0.15(%), it seems
that f, is a good estimator. On the other hand, as 100«a,, = 0.1(%) (a,,n = 15), the

filter cuts too many small jumps, and f,, underestimates around the origin.

Intuitively speaking, the mean of the number of misjudgments is roughly e, =
an(n — Anh,) = a,n for sufficiently large n and Ah,, < 1, but the level e, should be
chosen by an observer suitably so that those errors will not influence on estimation.
However an observer could not determine the level without prior information. Therefore
there remains room to consider how to choose the level e,,, and this should be done for
the future.
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7 T T T T
100*alpha_n=0.15 —
100*alpha_n=0.1 -----
TRUE ------

1 = 1 1 e 1
-6 -4 -2 0 2 4 6

Fig. 5.9: Estimation of the Lévy density in the model dX; = uX; dt + oo X; dw; + dz
(0o = 0.5 is known) and f(2) = AV2mv)texp(—(2v)7'2?) with (u, \,v)
(—0.01,15.0,1.0), p = 0.49, h, = n7 %8 4§, = n7 % and n = 15000 for 100q,, =
0.15 and 0.01 (%).

5.5 Conclusion of this chapter

This chapter tackles the identification of the Lévy density, which completely controls
the behavior of jumps, from the frequently observed data. Though we presented the
inference from continuous observations in Theorem 5.1, this should be a benchmark for
the inference from discrete observations, and it should certainly be considered before
the inference from discrete observations.

One of the advantages of this chapter is that we do not need to mind whether
the continuous part is known or unknown, and whether the model is ergodic or non-
ergodic which is often important in the parametric setting. Therefore the theory in
this chapter can be applied to a wide class of models in these sense. However there
are some annoying restriction on the order of h,,; the experimental design and 9,,; the
bandwidth: the conditions

T,hY = 0(1), T,02 " =0(1), 6,72 =0(1), Th?"=0(1), (5.14)

should be satisfied as n tends to infinity, where T}, = nh,, v € (0, 2(2%2‘11)), pel0,3),

d is the dimension of the process and r is the smoothness of the Lévy density.



138 CHAPTER 5. NONPARAMETRIC ESTIMATION OF LEVY DENSITIES

We used the asymptotic filter {|A;X™| > Lh?} for a constant L. Though this filter
asymptotically works well for arbitrary constant L in theory, their capabilities actually
depend on the constant L. Therefore it is critical to choose L under the practical
situation that the number of observations n is fixed.

What we can learn from the results of simulations is, although it is intuitively clear,
that it is easy to identify the existence of jumps if the absolute value of the diffusion
coefficient is relatively small compared with the amplitudes of jumps. Actually, in two
examples presented in Section 5.4.1, the estimator f,(z) does not diverge as long as we
do not choose an L which is extremely small. However, as described in the example
in Section 5.4.2, it becomes difficult to choose L when increments by diffusion shocks
are as large as the ones by jumps. As a consequence, it is possible that the asymptotic
theory does not work well even under enormous sample size.

This chapter proposed some intuitive methods to choose the constant L from the
data. The selection method of L in Section 5.4.3 focuses attention on the difference
between the order of the frequency of continuous noise and that of discontinuous breaks.

In consequence of many simulations, we at least find the following:
e In ergodic cases:
— Our method can find the suitable constant L.

e In non-ergodic cases:

— If the diffusion coefficient is uniformly bounded on the state space, then our

method can find the suitable constant L.

— If the diffusion coefficient is unbounded Markovian type as in Section 5.4.4,
it is difficult to choose L because of the unstable behavior of the index (5.12).

In the last case, we can exclude the influence of diffusions by using the predictable
Lgn | as shown in (5.13) if the diffusion coefficient is known. However there remains a
problem to determine «,,; the rate of misjudgments.

The assumptions for Lévy densities in this paper are little restrictive, that is, f(z)
is bounded and continuous. However it is also important in practice to consider Lévy
densities which diverge at the origin and is not integrable as in Chapter 4. In this case,

the construction of new filters would become a major problem.
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5.6 Some moment estimates

In this section, we make the same assumptions as in Theorem 5.2, and we use the
following notations: for fixed z € R% and ¢ > 0,

(2 2) ::K(z(;), Gna(2) = /R ;—qu(z(;“) Fu) du

1 n "
Ki(,n),q(z) = k‘g(z, AZZ )1{|AXZ."|>Lhﬁ} — ]{ng(Z’ Azz )1DZ17
Kz‘(i),q(z) = k:g(z, AZZ”)]_DZ1 — k‘g(z, AZTz‘")lDﬁl’
K® (2) = k(2 Az Loy, — k(25 Az )1y,

where 77" is given in (5.30). Moreover we simply write K ( ) for K (J 1(2).

We prepare some useful lemmas when we show Theorem 5.1 and 5.2.

Lemma 5.2 For any p,q > 1, it follows that

ELKS) (] = R(zh2, X ), (5.15)
Ezn 1“ an<Z>|p] = R(Z7h£/2+167:p7Xt7,1)7 (516)
Eznl[l an<2)|p] = R(thz+17Xt;L,1)‘ (517)

Proof0 On the equation (5.15), noticing that k, is bounded, we have

EP K] < CogBl[[1np, + 1oz, 7]
< Gy (PLAD}o} + PLy{D}o})
= R(z,h%, Xp ).

Y n’

The equation (5.17) is also similarly proved by using Lemma 5.1, that is,
EP K (2)IP]] < Cpo PR {Cl Y = Rz, B0, X ).
On the equation (5.16), applying the mean value theorem to k%, we have

Bl IKS) (2)]7]

1,M,q

< C,E", [}6;18$kg(z; B AX

p (\AXZ-" — AXon " 4 [ X — thzll”) 1%] )
_ 1}

< C87'E" [\AX,A”(\AXﬁ-AX P+ (X — X |p)
< PLIT =1},
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where Z is a random variable which values between A;z" and Aznn. Since

Ein—l HX = Xt?A)p 1D?,1] < Eln—l |:

p
Xop— = t;-zl‘ 1{J;L=1}]
= R<Z7hz/2+17Xt" )

i—1

by the same argument as for the evaluation of I; in the proof of Proposition 3.4 in
Chapter 3, and similarly

B2 (1% ) < s )
we obtain that Eﬁ_1[|Ki(i)7q(z)|p] = R(z, h£/2+15ﬁp7 Xin ). O
Lemma 5.3 For any p > 0, it follows that

B [KG (2 — Ai2") 1 axn|>oag)]
= hne_Ahnégd(p_l)gmp(z) + R(z, h3/2§-(pd+D) X ).

Proofd Notice that

E?—l[Kgn(Z - Aizn)l{mxglbmz ]
— 5 B KO, () + B (K ()] + B (2)] |

Z?”?p Z?”?p

+ By [0 (25 Az ) Lppny]

Since (Az;n, Ji') and Z*, are independent for each i, we see that

E?—1[K§L(Z - Aizn)1{|Axm>Lhz}]
8, P VED | [E 6, KD (s; Az )| I = 1] Lgnyy]

+ R(z, BY?6, 7D X V(B + 14 5,057 17)
L Z;“) AL () du

= o Dplgr =1 —K?
» {Ji' =1} 5
3/2 s—(pd+1 —1/2
+ R(z, hY?6, 7D X V(v By + 14 8,051
= hpe Mg g, (2) + R(z, h326, 0D X ). O

Remark 5.8 We can easily obtain the following equalities by the same argument as

above.

B [KG, (2 = Ai2")1p, |
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= hue Mo Vg, (2) + R(z, h826, 0 X ), (5.18)
E 1[Kp (Z_AZT By D; 1]
= hue M6 P Vg, L (2) + R(z, b8, X ). (5.19)

We shall omit these proofs.

Lemma 5.4 Let Q(x) be a real valued function defined on RY which is of polynomial
growth. We set Q) := Q(Xt?). Then it follows for any p > 1 and i < j that

EP4[Qi-1Ks, (2 — N2 Lyaxrisrngy] = R(z,h)P6,% X)), (5.20)
Bl [Q KN (2)] = R(z 2P X1), (5.21)
B QK2 ()] = Rz, b2V X1, (5.22)
B [Qi 1 K2)(2)] Rz, Bt X . (5.23)

n

Proof0l Notice that E[Q;_1|.#",] = R(z,1,X]";) by Lemma 3.5 (3.17). Using
Lemma 5.2, 5.3 and Hoélder’s inequality, we can obtain that (5.20) - (5.23) by the
straightforward calculation. O

Lemma 5.5 Fori < j and arbitrary p € (0, 1), it follows that

Bl 1 Ks, (2 — Di2") 1 axr s ngy Ko, (2 — Azf)l{mxypmg}]
= hy {e'gh (2) + R(z, hy/* 7, WHHed xp )L

(2

Proof]  Since (Azzn, J7'), (Azrn, J}') and F, are independent each other for i < j,
we see that

M, = Bl |Ks, (2 = Do) lpm Ks, (2 = Azp) Loy

En
- /iK ) A () du - Ahe 2
n R4 5d 67L "

2)\hngn 1( )

Let Ln = En—l |:K5n(2 — Aiz”)l{‘AX?bth}K&L(z - AZ?)].{|AXJT_L‘>L}L7PL}:| . Then

2

5d (Ln - Mn) = Ez‘n—1 [Kén (Z - Az’Z'n>1{|AX,?\>Lh }E |:K](1n( )H
+ B B Ko, (2= A1y, | KO)(2)]

+E, [Ké (2 = Aiz")1py, Ef, [Kﬁ(z)n
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+ B _Ef_1 _Kén(z - AZTJ@)lD%} Kﬁl)(z)]

+ B [Ka (2 = D)o, B [K0)(2)]]

7j—1

From (5.18) and (5.19) with p = 1, we find that

B, [Kén(z — A | = R(z e X ),
E;'l—l [K(;n(z - AZTJn)lD;l_ = R(Z, hn, Xt?,1)7
E]n_l [K(;n(z - AZTJn)]_{Jjnzl}_ = R(Z, hn, Xt;-l,l)

since g, 1(2) is bounded by Bochner’s lemma. Hence we obtain that
Ln - Mn = Ezn—l |:K5H(Z - Aizn)l{\AX?bLhﬁ}R(Za hié;d7 Xt?71>:|
By Rz bty Xy JEL)(E))

+ BP (K, (2 = A" Lo, R(z, B3/2070, X )]

+ B2 [R(z,hi8, % X VE2)(2)]

+ Bl | Ky (2 — Az )1pp R(z, W60, Xt?ﬂ)]

n

i,n

+ B2 [R(zhaty, X VED(2)].
On the term (5.26), using Holder’s inequality and (5.18),

Ezn—l [K(;n(z - Azzn)]_D?lR(Z, hi/25;(d+1), thu )]

-1

= R(Za Oy, Xt?,l)

1/
< Chi/z(;;(d—H) {Ezn—l [Kg'n(z - A,z”)lDfl] } ’

2/2+1/p57;(d+1)—(p—1)d/p

for any p > 1, where a,, = h . Similarly, we can obtain that (5.24)

and (5.28) are also R(z, oy, X" ) since

» " nn

R(z, hrpz—i_l(s;d?Xin—l) = 5nhz_1/2R(Zahi/zég(d—i_l)?X?—l)'

R(z,h26;% Xn ) = 0,hY*R(z, W35, 14D X1 ),

Moreover we see that (5.27) is also R(z, o, X]" ) by (5.22). Therefore, applying lemma
5.4 to (5.25) and (5.29), we have

L, — M, = R(z,h™P5 ¢ X" )+ R(z, hiHeD/Ps5d X1 )+ R(2, o, X11)
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= Oén{R(Z, h;/p_1/267£+d_1/p7 Xt?,1> + R(Z, ﬁnu Xt;‘,) + R(Z, 17 Xt;il)}
for any p,p’ > 1, where 3, = a;lhk(pﬂ)/‘vlégd. Let 1/p=1—pand (p+1)/p =
p+1—p for p,p’ € (0,1), then
B, = (hﬂ—1/25n) . gl §ltpd
Hence, if we take p > p/ then (3, — 0. Consequently,
L, = M,+R (z, Qs Xz-"_l)
= M, + h2R(z, hl/? s (d+ttnd) xn

We can take p € (0,1) arbitrary since 4 = 1 — 1/p for any p > 1. This completes the
proof. O

5.7 Proofs of the main theorems

5.7.1 Proof of Theorem 5.1

The proof follows the usual way of decomposing the MSE into bias and variance compo-
nents and to show that they converge with optimal rate or faster. Notice the following

decomposition.
E|fr(z) = f(2)] = b7(2) + V fr(2),
where br(z) = Efr(z) — f(2), Vfr(z) = Ef%(z) —{Efp(2)}2
Note that Ny — At is .#-martingale. It follows from Theorem 3.2 in Prakasa Rao

[79] that, for K, (z — z) = — I <Z — 5”)
52\ Tor

EfT(Z)

1 T
—F l/ Ks.(z — Az) dNt}
T 0

T
— i/ E [Ks,(z — Az)| |Az| > 0] dt
T Jo

_ /RdK (Z;T“) AF(u) du

57
= /Rd K(v)f(z — 0rv) dv.

As m # 0, by the same argument as in the proof of Theorem 4.1 in Bosq [10], we easily
obtain that

br(2)] < C(T,m)ég“ﬂ_la
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where crm) =D 44 jim ﬁ Jga lultur 7. |ugP?| K (u)| du. Moreover, as m = 0,

br(2)] < K()|f(z = drv) = f(2)| dv

Rd
(| K®)|orv|' dv
Rd
C(r,o) 551

IA

A

Hence, for m > 0,
T(S%l"bT( ) < T62T+dc(r m) 7]72"T+dc%r m)*

Noticing T84 = Toand, we have T2 b2 (z) < <07 Crmy-
The variance term V fr is dominated from above as follows:

2

Vi) = B3 [ [ K- 00— o)

1 (T z—C
_ T2—5d/0 5—dK2< - )F(C)dgdt

sup |f(z |/ K?(u) du.

msd
7—1§T z€R4

<

This completes the proof. a

5.7.2 Proof of Theorem 5.2

The proof is analogous to that of Theorem 5.1. We notice the following decomposition:

Elfa(2) = f()F = (Eful2) = £(2))" + Ef2(2) = (Bfa(2))’
= b2+ Vf,

where by, (2) = Efo(2)—f(2) and V f,,(2) = Ef2(2)—(Efa(2))’. We define the stopping

time 7 as
7 =1nf {t € [t! |, 17);|Az| >0}, (5.30)

and let b, = b +b@ bg’), where

b7(11) (Z) = Efn - 7 Z E K(Sn AZT{L)]_{J;LZI}] R

1 1 n
"= m =1
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B9 = o S NEPU =1) - £C)

On bg)(z), applying Lemma 5.2 with p = 1, we have

n

1
p) < E [
s G < ) s

n (2 802" ) Ljaxeisong b — Kn(2 Az ) 1pany H

IN

E ‘K.(T) ‘
Tnéd ' ;j:ﬁgi i,n (Z)

= \F5<d+1{0 )+ 0,07} = O(v/hy, ),

where k,, and KZ(Q (r =1,2,3) are given in Section 5.6. Therefore

T,0% sup {0V} = O (n,, (T, h/%0771)?) — 0.

z€R4

On b (2),
b (z) = —Z K (2 = u)A 1 f(u) du x P{J* =1}
-7 ;A‘lf(Z)P{J? =1}
— Tin ; h,e M { g Ks (z —u)f(u) du — f(z)}
= ¢ Mn K){f(z—0,v) — f(2)} dv.

Rd
As m # 0, applying Taylor’s formula to f,

J1 Jd (m)
W) = e [ k) Y et

| J1 Jd
d - .. .
R = nbooogat 0. 02

(z — 06,v) dv,

where 0 < 6 < 1. Hence, by the same argument as in the proof of Theorem 4.1 in Bosq
[10],
o6, sup {b ()} < gt . (5.31)
2€R4
where 1gm) = D5 4ijmm ﬁ Jga lultur [ .- Jugl?| K (u)| du. Moreover, as m = 0,
we can obtain (5.31) with m = 0 by the same argument as in the proof of Theorem
5.1.
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On b (2),

sup (B9 (2)] = sup | S hae £ (2) - (2)

z€Rd zerd | Tn =1

— sup [ | - 1]
2€R4

= O(hy,).
This implies that 7},0¢ supzeRd{b?(f')(z)}2 = O ((Th%)hZ6%) — 0. Clearly, the cross
terms from b5 to by converge zero at rate T,,0¢ uniformly in 2. Hence,
_2r
lim sup 7,7 sup b2 (2) < n°" - 1.
n—oo ZE]Rd

Next, let us consider the term V f,,. We can decompose V f,, as V f,, .=V, + C,,

where

1 n
Va(z) = T2 Z Var (Ks, (2 — Ai2")) 1{\AX;L\>Lhz}>

noi=1

1
Cn(z) = T2 Z Cov (Kén(z — Di2") 1 axrsoney Ko, (2 — Azf)l{mx;tpmg}) :

" 1<itj<n
On V,,(z), applying lemma 5.3, we have

1 n
Va(z) = T2 {E [K(?n(z - Aizn)l{mxglbmz}}

no=1
2
— (E [K(;n(z - Aizn)l{mx;bLhﬁ}D }

1
= 7 (gnal2) + CRIf25,40)

where g,,,, (p > 0) is given in Section 5.6.
On C,,(2), noticing that

Cov <K5n(z — 8i2")1gaxrsongy, K, (2 — Azf)l{mx;tpmz})
= F [Kén(z - Aizn>1{\AXi"\>thL}K5n(Z - AZ;L)l{\AXJ’?bLhZ}]
—FE [Kén(z - Aizn)l{mxmmhﬁ}} E [Kén(z - AZ?)l{\Ax;th}} )

and applying lemma 5.5 to the first term and lemma 5.3 to the second term in the
right-hand side, we easily obtain sup,cga |Cy(2)| = O(h> "6, ") for arbitrary
€ (0,1). Hence,

T,,6% sup V f(2)

z€R4
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= sup gna(2) + O (26, V) + O (Thy /26,1 71)

z€R4
= sup gna(2) + O (n, TtV 1T,h/%) + O (T, b/ P MHed)/ Cred)y
z€R4
2r+d+1+pud 1_u
< sup |f(z |/K2 du+0<52r 17 h1/2)+0< 2rd 3 )
z€R4

The last two terms in the last right-hand side tends to zero if we take p € (0,1)
arbitrary small. Actually, 62T, hy/* = (T,h/>67-1)6" — 0 and

T:”r;jfj“dh; —u (T h,'/) 2r+d+l+l‘«d hé_izhfirlj“d”_ﬂ
whose last index % — WV — 1 can be positive if we take p sufficiently small since
O<v< (22’:&11 As a result, we have
T,,6% sup V fo(2) < sup | f(z |/K2 ) du+ o(T,hY). (5.32)
z€R4 z€eRd

This completes the proof. O






Chapter 6

Practical inference from finite

samples

As we have seen until the previous chapter, when we consider the inference for jump-
type processes, it is useful to take the information of jumps and the information of
continuous transition separately. For that purpose, we made use of the filter such
as {|A; X" < Lh2} for the inference for jump-diffusions from sampled data, and we
showed that this filter gave a good judgement if jump had occurred or not asymptoti-
cally. However, as we already saw in Section 5.4.2, this filter did not work well without
selecting the constants L and p suitably under some practical situations where the
sample size n was fixed. Therefore we proposed some intuitive methods to improve the
performance of the estimation. In this chapter, we discuss how to construct the filter

depending on the fixed sample size from a more theoretical point of view.

6.1 Asymptotic filter and its problem

Our essential idea in Chapter 3 - 5 is to use the size of |A;X"| in order to judge the
existence of a jump in the interval [t | ¢!]. For that purpose, we used the jump-

judgment filter of the form
" ={w e Q; |AXY > LAY}, pe(0,1/2). (6.1)

The key result to show the validity to use such a filter was Lemma 3.2, 4.1 or 5.1.
However, as pointed out in Section 5.4.2, the accuracy of the judgment of jumps
for given L and p depends on the sample size n and the each model, especially the

diffusion coefficient and the distribution of jumps. That is, when we fix the constant

149
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L and p independent of the sample size n then the filter does not work well in some
models.

Although we already show some examples where the filter does not work well in
Section 5.4, we shall show again an another numerical experiment. Consider an one-

dimensional SDE as follows.

dX, = —pX, dt + /o dw, + 27,

2,0)

where zM) is a compound Poisson process with the Lévy density

F(z) = A(2m0y) /2 (:=01)2/(202).

the normal type density with parameters \,0 = (6;,65). Set the true value of parame-

ters except for o as follows.
(1,071,062, ) = (0.3,0.5,0.1, 3.0),

and consider the two models as ¢ = 0.1 and ¢ = 0.3. We estimate the parameter
(1, 0,01, 05, A) jointly from discrete observations X" = (Xgn, X, ..., Xin), where ¢ =
th, for e =0,1,...,n, via the method of Chapter 3 with a slight extension to the case
where the Lévy density is bounded around the origin. In the following simulation, we
set h, =n"%% and p = 0.49.

In the case where ¢ = 0.1, we first set L = 1.0 and obtained Tab. 6.1. From
this result, one might think that the filter works well. This is because the diffusion
parameter o is relatively small compared with jump sizes, and there is only a few
misjudgments. However, as 0 = 0.3, we obtained a result as in Tab. 6.2. The estimator
6, behaves strange, and ) is overestimated with the standard deviation increases. This
is because the filter misjudges the jumps, especially it overestimates the jump’s number.
This simulation indicates that the asymptotic theory does not work yet, and the sample
size n needs being larger. In order to improve the performance of the estimation, we
change the value L = 1.0 to a suitable one. Here we chose L = 1.8, and the result is
shown in Tab. 6.3. Then the result were dramatically improved.

These results indicate that we need to select the constant L (and of course p, too)
according to the model and the sample size n.

In Chapter 5, we left a constant L in the threshold to describe some intuitive
procedures for selecting the filter. However there is no theoretical reason to separate L
and h? generally as pointed out in Remark 5.3. Therefore, in this chapter, we rewrite

the filter simply as

() ={w € Q5 |AX" > 1) (6.2)
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n 50 500 3000 TRUE

oc=01 4 02702 0.3009 0.3013 0.3
L=10 sd. 0.1474 0.0477 0.0277
o 0.1169 0.1003 0.0998 0.1
s.d.  0.0295 0.0066 0.0025
6, 0.6450 0.5408 0.5135 0.5
s.d. 0.1294 0.0745 0.0558
6, 0.0919 0.0924 0.0956 0.1
s.d. 0.0886 0.0495 0.0269
A 2.0659 2.6893 29067 3.0
s.d. 0.7266 0.6514 0.5076

Tab. 6.1: The mean and the standard deviation (s.d.) of estimators over 500 times

iterations.

n 20 200 3000 TRUE

c=03 4 0.2358 0.2528 0.2536 0.3
L=10 sd. 0.2366 0.0809 0.0428
o 0.2310 0.2381 0.2471 0.3
s.d. 0.0433 0.0133 0.0054
6, 0.4505 0.2230 0.1108 0.5
s.d. 0.0151 0.0522 0.0162
6, 0.2131 0.1445 0.0839 0.1
s.d. 0.1178 0.0331 0.0162
A 27419 5.7280 11.453 3.0
s.d. 0.8759 0.9882 1.0682

Tab. 6.2: The mean and the standard deviation (s.d.) of estimators over 500 times

iterations.
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n 50 500 3000  True
c=0.3 4 02001 0.2977 0.3010 0.3
L =18 s.d. 0.2366 0.0866 0.0428
o 03902 0.3044 0.2978 0.3
s.d. 0.0901 0.0191 0.0074
6; 0.7517 0.5750 0.5147 0.5
s.d.  0.1879 0.0800 0.0552
6, 0.2014 0.0965 0.1002 0.1
s.d. 0.2054 0.0531 0.0279
A 1.5156 24717 28938 3.0
s.d. 0.6450 0.5881 0.4682

Tab. 6.3: The mean and the standard deviation (s.d.) of estimators over 500 times
iterations.

and consider the selection problem of not L but r, itself, which is the most important
parameter in applications.

In the next section, we discuss what kind of r,, is suitable to improve the perfor-
mance for fixed n.

6.2 A criterion for selecting the filter

Throughout this chapter, we consider the following d-dimensional SDE with jumps on
a filtered probability space (£, .7, (%:)t>0, P):

dXt = G(Xt) dt -+ b(Xt) dwt + dZt, X(] =, (63)

where 7 is an R%valued random variable, a and b are respectively R? and R? @ R™-
valued measurable functions defined on R?, w is an m-dimensional Wiener process, z
is an R%valued compound Poisson process of the form 2z, = vaztl g; and NN is a Poisson
process with intensity parameter A (> 0), &;’s (i € N) are R%valued random variables
satisfying P{e; € A} = [, F(z)dz for any A C R?, and we put f(z) = A\F(z). If 2
has a jump &; at the time 7; then |[AX, | > 0 a.s., where AX, := X; — X;_ for any
t > 0. We assume that w, N and ¢;’s are independent each other, and that (6.3) has
a solution.

Such a model is often used in financial literatures to model the dynamics of as-
set returns, index returns, exchange rates, interest rates, insurance risks, and so on.

Therefore to determine the good threshold of the filter is important problem in practice.
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Notice that, in a time interval (s;,ss] where any jump does not occur, X is a

solution to the following stochastic integral equation:

(51 X81+/t (als) )du+/tb( 1Y duwy,. (6.4)

S1 S1

The statistics

(1) (6.5)

is an estimator of the Poisson intensity of jumps over [0, 1] time interval. It is shown
in Shimizu [94] that this estimator was consist to A unless X is ergodic, and it is
easily found that (6.5) is asymptotically unbiased, that is, £ [xn(rn)] — A as n tends
to infinity. Therefore it is desired that, at least, the bias of the estimator Xn(rn) for
largely fixed n is as small as possible.

Let us estimate the following expectation analytically:

(rn)} = | >r,}.

E[r] =

In the sequel, we use the following notations:
f(ra) = %ip (A0 ()] > ) (6.6)
8(rp, A) = = ZP {1SM(7)| > ru|{J =1} N A} (6.7)

for A € #, where A;a™ (] ;) = aiyf 2 Ozin‘ Y and SI'(1) = (agin) - a(tfn)) + (a(tﬁ D _
aﬁ,; 1’) —inf{t € (t7 7 |AX,| > 0} and J7 = #{t € (7, ¢7]; |AX,| > 0).

Lemma 6.1 For any integer n, it follows that

)] = htem)e ™ + (1= 8, |z

S 2r,))e M / () dz
|z|>2ry
+ T + Un + e,
where e, T, and U, are sequences satisfying the following inequalities, respectively:
0 < e, < Nh,,

0<eMT, < / f(z)dz - 6(rn, |[Azn| > 27,),
z|>2ry

0 <eMmU, g/ f(z )dz+6< | Azpn| < )/ f(2)dz.
<22 2 |z

T
<rp
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Proofd Notice the following decomposition:

E[in(rnﬂ - nh Z P (r,) 0 I8 = 0V + P L () N {J7 = 1))

=1

+ P{AT (ra) DT > 23} . (6.8)
Let the last term be e, then it follows from the Poisson property that

(rn) O {J" = 2}}

en =

IA

ZP{J” > 2} < A2, (6.9)

=1

h

Since dX; = dozitzl’l) in (7" ,t"] on the set {J" = 0}, we have on the first term of (6.8)
that

P A (ra) N {J]" = 0} = e P{|Aja" (t11)] > 1} -
It remains to estimate the second term of (6.8). Noticing that
S (1) = (Xep = Xon) + (Xopo — X))
on {J" =1}, we obtain the following decomposition.

PAAT (ra) O{ T} = 1}1}
= P{IS}7) + Azmn| > 1, |Azpn| > 21y, J] —1}

+ P{|SMT) + Azn| > 1y, |AzTn| < 2r,, JP =1}

< P{ISM7)] < 1o |Azpn] > 2, J7 = 1) (6.10)
+ P{| SP(T) + Azpn| > 1, |S7(T)| > 10y [Azpn | > 21, J) = 1} (6.11)
+ P{|S"( )+ Azpn| > 1, %” < |Azn| < 21, I = 1} (6.12)
+ P IS + Az > 1, [Aze | < 2T =1 (6.13)

Putting (6.10)0 (6.13) as A, B, C* and D respectively, we have

Al = )\hne_’\h"/ F(z)dz- P{|S}(r)| < rn‘|AzTn| > 2y, JI' =1},
|z|>2ry

B! < )\hne_kh"/ F(z)dz - P{|S](7)| > ra||Azen| > 21, J =1},
|z|>2ry

cr < )\hne_’\h”/ F(z)dz,
In <z|<2rp
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Az < T—",szl}.

F(2) dz-P{|S{L(T)| > % :

D! < Ahye M /
1<

Tn
2

Then we obtain the consequence by putting as follows:

1 n
In = nhn;Bi’

=1

nh,

This completes the proof. O

According to this lemma, we can give an intuitive explanation to the curve of Xn(rn)
in Fig. 5.4 in Chapter 5. First, let us observe the behavior of F [5\”(7’”)} as r, T oo
under n is fixed; which corresponds to that L — oo in (6.1). Since

E(rn) L0, 8(rm, [Azen| > 2,) + 6 (% Azpn| < %) 10,

/ f(z)dz+/ f(z)d= 10
Lz <2mn |z|>2rn

as r, ] oo, we find that F [S\n(rn)] — 0. Intuitively speaking, this phenomenon is
natural since the filter can hardly catch jumps if r, is too large.

Next, let us consider the case where r,, | 0 under n is fixed. In this case, it follows
from e(r,), d(rn,) T 1 and U(r,) | O that

E [jxn(rn)] — h e+ lim T(r,) ~ bt + A

rn—0

Therefore E [S\n(rn)} has the large bias by the influence of the term h;te(r,)e " as

T, is too small. Particularly the term h! becomes enormously large if n is large.

6.3 A bias correction
Let b(r,) be the exact bias of A, (r,), that is,
b(ry) = E [&n(rn)} Y (6.14)

Our goal is to select an r,, which minimizes the absolute bias |b(r,,)|. However it would
be difficult to estimate the exact bias directly, and what we show here is the upper and
the lower bound of the bias. We easily obtain the following theorem from the previous
lemma.
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Theorem 6.1 Define {,, and {,, as follows.

l, = h;lg(rn)—/ f(z)dz,
|z|<2rp

b, = gn"‘/ f(Z)dZ
<22y

Then it follows that

U+ 06, V hy) < eMb(r,) < £, + 06, V hy) (6.15)
as h,, — 0, where 6, = 0Ty [Azzn| > 2r,) V& (rn/2, |Azen| < rn/2).

Proof This is the direct result from Lemma 6.1 and the fact A = [o, f(2)dz. O

Roughly speaking, we can regard ¢, and 0, as the terms of the first order of the
upper and the lower bound, respectively since h,, V8, — 0 as n — oo under r,, ~ ht for
p < 1/2, which follows from (3.11). For these bounds, it is desired that the amplitude
of the bias |67n — £,|, which corresponds to a kind of variance, is as small as possible
from the aspect of stability of the estimated bias. Therefore the threshold r, should
be selected so that |f, — ¢, ~ 0. On the other hand, if we concentrate only on
minimizing the distance |17n — {,| then ¢, might be strictly positive, or ¢, might be
strictly negative, which induce strictly biased estimators. Therefore the center of the
interval [Zm ?,,] should be nearly to zero in order to make the maximum of the absolute
bias small as possible; the aspect of unbiasedness. Therefore r,, should also be selected
so that (£, +¢,) ~ 0. From these points of view, it would be natural to select r,, which

minimizes the following quantity:
(1 — )|l + o] + ull, — 0] (0<u<1),

The weight u should not be 1 since r,, = 0 or oo is clearly selected in this case and
each of them does not play a role as the filter. Therefore it is convenient to rewrite it
as follows.

Lnw(ra) = |l + o] +w|ly — 0,
= L)+ w / 1) d=,

L z|<L2rn

for w > 0, where L(r,) = 2h, 'e(r,) — T (rn), T(rn) = f‘z‘g%n f(2) dz—{—f‘z‘dm f(2)dz.
We would like to select 7, which minimize the function L,, ,(r,), though it is still the

unknown function.
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Definition 6.1 We denote by ") a minimizer of the function Ly w(r):

opt
(nvw) P 1
/ropt ‘= arg Ig1>1(r)l Ln,w (’I“) .

(n,w)
opt

A constant w is the weight on the amplitude of the bias; ¢, — £,|. Setting w as

It is easy to see that r is well defined for any n and w from the form of L,, ,(r).

being large implies that one puts weight on not the unbiased estimation but the stable
estimation, and too large w can induce the definitely positive or negative bias. Since
we do not obtain the exact bias but only less strict bounds from both sides, the aspect

of unbiasedness should be weighted on rather than compulsory minimization of the
(n,w)

bias range. Moreover, from the technical point of view, it is not necessarily that r,,

is determined uniquely if w > 1. Actually, if w — oo then the selected threshold would
tend to zero or infinity as already pointed out. Therefore it would not be suitable to
choose large w, and be suitable that w = 1 if we have no prior information about the

true bias.
(n,w)

In application, if we restrict w € [0,1] then r,,;"’ is unique and independent of w
as the next lemma shows. The lemma implies that, if 0 < w < 1, minimizing L, ,, is

equivalent to finding the unique root of L(r) = 0.

Lemma 6.2 If0 < w < 1 then r(()z;w) is the unique solution to the equation L(r) = 0,

that s, r™") is independent of w € 0,1].

opt
ProofJ Note that

>0

T-w(r) —2h'e(r) if L(r) <0’

where J,(r) = J(r) —w fz<|z|<2r f(2)dz. We see that the function [J;(r) is increasing
5<l2I<

in r for each @ € [—1, 1] since we can rewrite J; as follows.

j@(r):(1+tb)/ f(z) dz~|—(1—ﬁi)/ f(2)dz.

|z|<3 |z|<2r

Hence, both the function Iy (r) := 2k 'e(r)— J,(r) and the function ly(r) := 2h,, 'e(r) —
J-w(r) are decreasing in r > 0 for each w € [0, 1]. Similarly, the function L(r) is also
decreasing. Moreover the equation L(r) = 0 has the unique root since £(r) is decreasing
inr >0 and ¢(0) =1, lim e(r) =0, and J(r) is increasing in r > 0 with 7(0) = 0.

From these facts, it Tollows that [y is minimized at 7o := max{r > 0; L(r) > 0} on
the closed set {r > 0; L(r) > 0} C [0,00), and also

ro =argmin L(r) on {r>0; L(r) > 0},



158 CHAPTER 6. PRACTICAL INFERENCE FROM FINITE SAMPLES

that is, L(r¢) = 0. Similarly, we can show that [y is maximized at r{, satisfying L(r{) =

(n,w) . 0

0. Consequently we obtain that ro = ry = 1,

In the sequel, we consider the case where w € [0, 1]. Under this assumption we put

()= i) (6.16)

opt opt

(n)

for simplicity. Then our interest is to find the solution r,,

to the equation
L(r) = 2, e(r) — J(r) = 0. (6.17)

The equation (6.17) includes the unknown quantities € and f. Therefore we have
to substitute € and f by some suitable estimators in order to make an estimator of
r((,zz. However they must be constructed by the filter which should be selected in our
goal, so it goes back and forth!

In the next section, we propose a plug-in method in order to avoid this dilemma,

and we show the performance of the method in some simulations.

6.4 Direct plug-in method

6.4.1 Plug-in rule

The goal of this section is to estimate the threshold r((,zz from finitely fixed n. For that
purpose, we have to construct an estimator of L(r).

As a general notation, we denote by G,(x;r,) an estimator of a function G(z)
constructed by the data {X»}i_, and the filter " (r,). Using this notation, the

natural estimator of J is written as

jn(r;rn) = / fn(z;rn) dz —}—/ fn(z;rn) dz. (6.18)
|21<5 [z|<2r
Let us consider an 1-dimensional case of X for simplicity. In order to calculate the

above integrals easily, it is convenient to use

~

" Z — AZXn
e = s 36 (S 1) (6.19)

proposed in Shimizu [92], where § € (0,1/2) is a constant, ¢ is the standard nor-

1 —22/2

mal kernel, i.e. ¢(z) = 7€ On the other hand, the natural approximation

of the e,(r,) = = >0 P{|A;a™(t?,)| > r,,} for diffusion (6.4) is the local-Gaussian
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approximation of the transition probability of a-1), that is, for a;_; = a(X» ) and
Bicr = b*( X ),

1

1
e(rn) ~ — (_7
n ; [y[>rn 27T|ﬁz 1|h thﬁi—l

1

(y — hnai_1)2> dy

(6.20)

Q

2
)
- dy.
; ly[>rn 27T|5z 1|h ( 2hnBi1
Substituting the 3 by the estimator B”(thiﬁ 7,), we have

2
A Yy
En(r;mn) / exp | — - dy. (6.21)
ly|>rn \/27T|ﬁn th 5T )| ( thﬁn(thlarn)>

We note that the above procedure is easily applied to the multidimensional case.

Now let us proceed the algorithm to find the approximator of ropt The following

Plug-in method is executable:

~

Step 0. Choose the pilot threshold rn > ( arbitrarily.

Step k (> 1). Solve the equation

Lo(rsrif D) = 2 (sl D) = sl D) =00 - (%)
and define the root as r = .

Iterate Step k (k= 1,2,...) until the sequence {rq(@k)}keN converges.
N J

We call the kth solution to the equation (x) the k-stage threshold, and call the
function L, (r; i) ) the k-stage threshold selector. By the same argument as in Lemma

6.2, we see that the equation Ly, (r; i ") = 0 has the unique solution r$¥ for any k

and n € N.
We expect that hm r® exists and that the limit is near the r,gpz in some sense.

Before the theoretlcal Study, we try this algorithm by simulations.

6.4.2 Simulation results

Let us show the performance of our threshold selector L, using (6.19) and (6.21).

We consider an one-dimensional data generating process as follows.

dXt = —MXt dt + wat + dZt,
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N

z

where z is a compound Poisson process with the Lévy density f(z) = \/4276 =, and
the true parameter is (i, o, A) = (0.03,0.3,15.0).

For fixed n, the experiment is done as follows.
(1) Choose the pilot threshold as 7 = 1.0.
(2) Observe one path of X at the time ¢? = ih,,, where h, = n=°%.

(3) Calculate 1 to 7-stage thresholds solving ﬁn(r;rﬁl]f—l)) =0 (k=0,1,...,6) and
the estimator of (i, o, \) in each stages as follows; see Definition 3.1 and Remark
3.2.

Yoy A X" X 1

Ian = n 2 2
2oimt X R a xon <o)

n n ~ 2 1/2
&(k) _ Zi:l (AZX - MnthLlh’n) 1{‘Alxn|gr7(f)}
fn 21 La <ty

{laixn <Py

. 1 <
W _ L
= nhn;%(rm

The experiment (1)-(3) is iterated 500 times. Table 6.4-6.6 below are the sample mean
and the sample standard deviation (s.d.) in each stages throughout 500 iterations. The

(n

values in the last line are r,,

2 and the true values of each parameter.
These results show that our threshold selector can find the r,gzz approximately as
a limit of the k-stage threshold, and as a result, the parameters are estimated well.

Although we do not know yet if the k-stage threshold can theoretically converge to a
positive constant, we can easily imagine that 7k stops absolutely after several stages
in applications, where only one sample path of X is available and the sample size n is

™) then the difference |r§Lk) — r£k+l)| is getting

fixed. Because, if i) goes to near the 7,

small, consequently, the estimated jump’s number I}, := #{i; |A;X"| > rff)} is not
updated, that is, I, = I for sufficiently large k. As a result, the estimators &, and
fn are not updated either. This leads that i) = D), Actually the variance of the
last stage threshold is sufficiently small, and it indicates that we can always select the
good threshold uniquely.

In this simulation, we chose the pilot threshold as rY = 1.0, but we can check that
any other choice of pilot threshold which satisfies that 0 < ri?

also leads the similar results.

< maxi<i<n |A2Xn| can
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n = 1000 riP AP P &P
0-stage 1.0 4.68 -0.11718  1.74590
s.d. 0.0 1.082 0319 0.186
1-stage 0.36071 10.52 -0.04073  0.51620
s.d. 0.0336 1.471 0.079 0.077
2-stage 0.09943  13.40 -0.03253  0.30624
s.d. 0.0136 1.663 0.050 0.009
3-stage 0.05836  14.38 -0.03080  0.29766
s.d. 0.0020 1.835 0.049 0.007
4-stage 0.05599  14.66 -0.03052 0.29619
s.d. 0.0020 1.946 0.048 0.007
5-stage 0.05551  14.72 -0.03043  0.29589
s.d. 0.0019  1.986  0.048 0.007
6-stage 0.05540  14.74 -0.03042  0.29582

s.d. 0.0019  2.004  0.048 0.007
T-stage 0.05540  14.74 -0.03037  0.29582
s.d. 0.0019  2.004  0.048 0.007
) [ True 0.05560 150  -0.03 0.3

Tab. 6.4: The 1st-7th thresholds as the sample size n = 1000. Each estimator is the

mean over the 300 times iterations and s.d. is the standard deviation of them.
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n = 3000 AP ) a0
O-stage 1.0 477 -0.09615  1.74004
s.d. 0.0 0995  0.257 0.173
1-stage 0.26503 11.73 -0.03510 0.40342
s.d. 0.0238 1.436 0.048 0.038
2 stage 0.05592 14.16 -0.03331 0.30113
s.d. 0.0048 1.702 0.037 0.004
3-stage 0.04008 14.80 -0.03315 0.29901
s.d. 0.0008 1.851 0.037 0.004
A-stage 0.04036  14.90 -0.03291  0.29874
s.d. 0.0008 1.883 0.037 0.004
5-stage 0.04028 14.92 -0.03288  0.29870
s.d. 0.0008  1.887  0.037 0.004
6-stage 0.04027 14.92 -0.03288  0.29870
s.d. 0.0008  1.888  0.037 0.004
7-stage 0.04027 14.92 -0.03288  0.29870
s.d. 0.0008  1.888  0.037 0.004

P /True | 0.04016 150 -0.03 0.3

Tab. 6.5: The 1st-7th thresholds as the sample size n = 3000. Each estimator is the

mean over the 300 times iterations and s.d. is the standard deviation of them.
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n = 10000 i) AP k) &P
O-stage 1.0 4.75  -0.07670  1.75522
s.d. 0.0 0.877 0.179 0.152
1-stage 0.18738 12.70 -0.03042  0.34009
s.d. 0.0150 1.283 0.034 0.016
2-stage 0.03205 14.57 -0.03005 0.30008
s.d. 0.0014 1.442 0.029 0.002
3-stage 0.02777 14.91 -0.02997 0.29957
s.d. 0.0003 1.495 0.029 0.002
A-stage 0.02760 14.95 -0.02995 0.29953
s.d. 0.0003 1.503 0.029 0.002
5-stage 0.02759 14.95 -0.02995 0.29952
s.d. 0.0003 1.504 0.029 0.002
6-stage 0.02759 14.95 -0.02995 0.29952
s.d. 0.0003 1.504 0.029 0.002
7-stage 0.02759 14.95 -0.02995 0.29952
s.d. 0.0003 1.504 0.029 0.002
) /True 0.02752 150  -0.03 0.3

Tab. 6.6: The 1st-7th thresholds as the sample size n = 10000. Each estimator is the

mean over the 300 times iterations and s.d. is the standard deviation of them.
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6.5 Theoretical discussion

6.5.1 What is a validity?

In this section, we investigate the asymptotic behavior of r¥) as k — oo with fixed
n € N, and the one as n — oo after k — oo.

According to the numerical studies in the previous section, {rék)}keN seems to con-
(n)

opt *
limit of 7" as k — oo becomes a good threshold, and the corresponding filter shows

verge for fixed n to a positive constant, which is near to the r Consequently, the

a high-performance. Therefore, theoretically, we expect at least that the following

properties are hold: there exists a positive constant ~, for each n € N such that

klim r® =~ a.s., (6.22)
lim (v, + fon =0. 6.23
g

(n)

opt fOr each n € N, it

On the first property (6.22), though our greatest hope is v, = r
may be impossible while n is finite. Therefore it will be desirable that

(n)

opt |

Ay =y —r is sufficiently small for large n. (6.24)
The condition (6.24) is described in Theorem 6.2, (6.33) more clearly.

On the second property (6.23), this is the necessary condition for the asymptotic
filter. Intuitively, the v/h,-order means the order of the expected variation of Brownian
shocks. Therefore it is desired that the speed of the convergence of the threshold is
slower than /h,. In Shimizu and Yoshida [96], they used the asymptotic filter as
{|A; X" > Lh2} for a constant L > 0 and p € (0,1/2), and this threshold certainly
satisfies the condition (6.23). Furthermore, Mancini [64] recently proposed the similar
type of the filter, for a constant L > 0, {|A;X"| > Ly/h, log h,;'}, which also satisfied

the above condition. Similarly we demand this condition to ,.

6.5.2 Mathematical validity

In order to show the mathematical validity (6.22)-(6.24) for our plug-in method, we

first make the following assumption:

A 1 The coefficient a(x) and b(x) of the stochastic differential equation (6.3) is known.
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This assumption implies that the function e(r) is implicitly known. First we suppose

that e(r) is known. Therefore we consider the case where
L (15 8) = 20 te(r) — Jo(r; s). (6.25)

We make some remarks later on the case where ¢(r) is unknown.
Let Z,(r; s) be an estimator of the integral f|z| <, [(2) dz constructed in some way
using the filter {|A;X™| > s}. We assume the following.

A 2 Foranyr >0 and anyn € N,

inf Z,(r; 7 )y > 0 a.s., (6.26)
keN
s1>5, = ILn(r;s) <ZI,(r;sy) a.s. (6.27)

Remark 6.1 The family of such estimators Z,(r;s) with above conditions is not
empty. Actually, the density estimator (6.18) with (6.19) satisfies (6.26) if

0 < 7%V < max |A; X" (6.28)
1<i<n

for any k € N, and (6.27) clearly holds true.

Though the following results are clear from the definition of the function L(r) and

ﬁn(r; rq(@k_l)), we present them as a lemma since these results will be used repeatedly.
Lemma 6.3 Suppose Condition Al. Then two functions L(r) and f)n(r;n(lk_l))

R, — R are strictly decreasing in r for any n, k € NO and the equations

L(r)y=0 and Ly(r;r% ) =0

(n)

opt

)

have the unique roots r,; and rff respectively. Therefore, in particular,

r(gzz <r & L(r) <0,

r® <r oas e Lyrr#)<0 as.
The following theorem shows that the monotonicity of the sequence {rff)} keN-

Lemma 6.4 Let k € N. Suppose Conditions A1 and A2. Then it follows that 7k >
(k+1) o (k-1) (k) . (k) (k+1)
rn O forallw e Jw e Q;ry >y’ . Moreover it follows that ry” <1y ' for all

w € {w e N; i) < rék)}.
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(k=1)

Proof] Fix an arbitrary w € {w eQ;ry > rﬁlk)}. From the definition of rﬁlk),

ohte(r®y = 7, (r®); =1y

n n

Noticing that J,(r; ri ) = T,(r/ 2 1] ) + 7, (2r; rnk)), it follows from the conditions
(6.26) and (6.27) that

2h_1 ( (k)) B jn(n(@k);n(qk_l)

)
_ Jn <1.
jn(rn ; ngk)) jn(rff“); 7’7(1]“))

Hence

Lemma 6.3 yields that r{E) < i),

The last half of the statement follows by the same argument as above. O

A 3 The process a, which is the solution to (6.4) satisfies for some p > 1 and any
s, t >0 with |t —s| <1 that

Ella; — aP) < Cylt — sP/?, (6.29)
where C,, is a positive constant depending on p.

This assumption holds true if, for example, the coefficients a and b are bounded, or if

X satisfies the conditions presented in Chapter 3.

A 4 For any c € (0,1/2), there exists a constant § > 0 such that
sup hS T~ HLhS) < oo
neN
for any L > 0. Similarly, in empirical version,
h&
sup — L
ket T (Lhg; i)

< o0 a.s.

Condition A4 is not so restrictive since (6.30) holds true if, for example, F' is of polyno-
mial order in a neighborhood of the origin and that the intensity A is strictly positive.

Moreover Condition (4) is also usually satisfied for a suitable estimator Z,, with (6.26).

Lemma 6.5 Suppose Conditions A1-A4, and that h,, < 1 for any n € N. Then[ for
any ¢ € (0,1/2), there exists a constant k > 0 which is independent of n such that

o < khe (6.30)

0< Topts Tn

for each n € N.
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Proof0 Under A4, for any § > 0, ¢ € (0,1/2) and some p > 1 with which A3 holds,

there exists a constnat x; > 0 which is independent of n such that

no O\ 20,h8 \ '/
K1 Z <Sl7llp W) (QCp)l/p Z (m) , (631)

where C), is a constant given in A3, since J(k1hS) is increasing in x; for each n.
Fot the constants x; and ¢ in (6.31), it follows from Chebysev’s inequality and A3
that

2h,, 'e(kahy) < 20, ( Vi )p < pp(1/2=c)=1=6
j(ﬁlh%) - hnj(lilh%) th% - "
Therefore, taking J such as 0 < § < p(1/2 — ¢) — 1, we find that the last term is less
than 1. This implies by Lemma 6.3 that r((,zz < K1he.
Similarly we also see that, for a constant kg > 0, in(nghg; rﬁlk_l)) < 0. Hence the

statement holds for kK = k1 V ka. O

Although the statement says for any ¢ € (0,1/2), we can not take ¢ = 1/2 since

it may be that r((,zz ~ |log hy|v/hy,. Such sequence satisfies rf;z < kh¢ for sufficiently

large n and any ¢ € (0,1/2). However 7’((:;2 > khy/? for sufficiently large n.

Lemma 6.6 Suppose Conditions A1-A3, and fix any ¢ € (0,1/2) and k,n € N. Then
it follows that

(k—1)

r®) <yl

for all w € {w e Q; riE S Kh;}, where k is given in Lemma 6.5.
Proof] By the similar argument as in the proof of Lemma 6.5, we see that

2h; e (r V)

n

jn(rék_l); Ték_l))

1. "

= 2 (b Ju(rE0 ) ST P — X | > 05, g = 0}

=1
A _1 v p
< 20, (hnjn(ﬁhi;rﬁf_l))) (K::) <1

for any p > 1.

Lemma 6.4 and 6.6 indicate a way to choose the pilot threshold. If we take r? >

khg then the sequence {rﬁlk)}keN is the decreasing almost surely. Since it is bounded
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from the bottom, it converges to a limit ~,. Moreover, even if one chooses the pilot
threshold as being too large, Lemma 6.6 ensures the improvement of the threshold.
Indeed, Lemma 6.5 implies that i < kh¢, which would be nearer to r,gpz than )

since r(gpz < kh,.

The validity (6.22) and the former of the validity (6.23) is obtained by the following
theorem.

Theorem 6.2 Suppose Conditions A1-Aj. For arbitrary r\” satisfying A2 (6.26),

there exists a positive constant -, such that

khm r® =4, as. (6.32)
for any fixed n € N. Moreover
= | — 7ipi| < K (6.33)

for any c € (0,1/2), where k is given in Lemma 6.5.

Proof] By Lemma 6.4 and 6.5, we can see that the sequence {rék)}keN is mono-
tone and bounded. Therefore (" converges to a limit v, > 0. For this ,, we have
ﬁn('yn;%) = 0. If 7, = 0 then it must be ﬁn(O; 0) = 0. However it contradicts that

L,(r;0) =2k ' > 0 for any r > 0. Hence v, > 0.
The inequality v, < kh$ is clear by Lemma 6.5. Therefore we obtain (6.33). O

The result (6.33) Was also one of the validities stated in (6.24). Therefore we find
that -, is close to ropt if the sample size n is sufficiently large, and we can check this
phenomenon in simulation results displayed in Section 6.4.

Let us consider the following quantity:
DM (11, 15) = Z P{ri Ary < |Aja”| <1 Vsl (6.34)

where « is the solution process to (6.4). If the distribution function of |ay — o] for any
t,s > 0 is strictly increasing, or if the support of the probability density of |oy — ] is
R, , then 9&") (r1,72) for fixed n can be a distance between 7, and 7.

Let us consider an estimator of Lévy density f, and make a natural estimator Z,:

To(r;8) == Fol(z:8) dz.

|2|<r

In this case, we can estimate 2% )(%, f)pi) as in the next theorem. Although this

estimate says nothing about the direct estimate of the error A,,, this gives us indirectly
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the order conditions for v, and ropt which should satisfy as the asymptotic thresholds;
Condition (6.23).

A

Theorem 6.3 Suppose Conditions A1-AS. Let f,(z;7) := fu(z;7) — f(2). Then
n n 33 c r
D rogl) <4 Tt sup || Fa(z )l 2
2€R4

for any ¢ € (0,1/2), where k is given in Lemma 6.5.

(n)

opt

jn('}/m'yn) = thlg(’}/n)
T = 2hte(r()),

Proof] First, we suppose that r, . > ~,. By the definition of 7, and " we have

opt )

hence we obtain that
P rigl) = elm) = elrg)
= 2 [l — TGSD)]
2 [FSlim) = T (5]
According to Jensen’s inequality, it follows that

2
2yl (1 ;
(n) (n) "opt )
{‘@a (’yn’ Opt)} S 2 [ ( (n) /|;'|< (n)/2 fn(zvfyn) dZ)

— opt

2
1 _
+16 / n(2;m) dz
<4T( ) \Z\SQT(M f ( ! ) ) ]

opt opt

B2r ’ F
< In Bt / F2(z59m) dz—|—4/ Fa(zim) dz|.
2 |z|<r) /2 2| <2r()

opt opt

VAN

Integrating the both sides by the measure P, we obtain that

n n 33 n r
240y rip) =\ G nrig Sp a2 90) ey

and Lemma 6.5 yields the consequencel]

When r(()gz < Yy, the same argument as above is hold since
P8 (i rigt) = i) = £(m)
h?’L n
S N ACHENACHESIE
This completes the proof. O
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Let us use the kernel density estimator proposed in Chapter 5 as fn:

— Azpn
fa(2) nh1+6 Z ( ) Lo () (6.35)

where 6, satisfies 02 = h? for a constant § € (0,1/2) and K is a bounded kernel
with some conditions described in Section 5.3.1. If the true density f is bounded then
we find by the roughly estimate that sup,cga || fu(2;7) | 22(p) = O <h§(1+5)> for any

sequence 7,. Therefore we obtain from Lemma 6.3 that
D (s ropt) < O () - (6.36)
Noticing that ¢ € (0,1/2) can be taken arbitrarily, we have
D (s 7) =0 (n— o0)
by taking ¢ > §. We state this fact as a corollary.

Corollary 6.1 Suppose Conditions A1-AS3, and that f is bounded. Let fn be the kernel
density estimator (6.35). Then
lim sup 2™ (4, 7“,(322) =0. (6.37)

It remains for us to study the validity (6.23).

First, let us consider the simplest case where « is an one-dimensional Brown-
ian motion: «; = ut + ow; for constants p € R, ¢ > 0. Then we can show that
Vo (r ,(Jzz) = 0,(1). Actually, considering a sequence r,, = M,\/h,, + 0,(\/h,) with
M, — M > 0, we have

L(r,) = 2h;16_(rn)—J(rn)

> 2h_1 / _(u—%hn)z d _|_ —Tn 1 _(u*%hn)z
> - ¢ 202hnp U —_—¢ 20%hn U
" U, V2mo?h, o V2mo2h,,
—2Xo

h1’°° 1 Eay Mg 2 \
~ 2h, / e 22 u+/ e 202 u}—Q .

L/ m, V210 0 V2mo? ’
Therefore L(r,) > 0 for sufficiently large n, and Lemma 6.3 yields 7’5;;2 > r, a.s. for
sufficiently large n. Since we can take M,, as an arbitrary sequence while M,, — M > 0,
it follows that r((;;z/\/hn — 00 a.s. by M — oo.

In this situation, we can show that v/h,7,! = o(1) from Corollary 6.1. For example,

assume that v, ~ M+/h,, for a constant M > 0. For sufficiently large n, we have

D (s i)
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_ (“*#hn)Q ~In 1 _ (“*#hn)Q
= E 2% du + ¢ 27 du

/TE)ZE 1

— ¢
wm V2mo?hy, ) V2mo?h,

(n,w)

Topi /VRn 1 v -M 1 avi)?

e 222 dv + e 222 dv

M V271o? —r{") )b V20
> A(M),

where A(M) is a positive constant. This contradicts Corollary 6.1. These facts are
proved more generally in the next theorem.

In general case where « is a diffusion process (6.4), we suppose the following con-
dition.

A 5 For any t > 0, the process oY) has the transition density p(h,z,vy): P{agh €
AlX, =a} = [, p(h,x,y)dy for any h >0, such that

K x—yl|?
bl )= S exp (anlef - 220 (6.33)

for constants ¢ > 1 and K > 1.

Although one might think that this condition is not easy to be checked, we can replace
this condition with more concrete one using the coefficients of the SDE (6.4); see Gobet
[35] which gives us a sufficient condition for A5 under the elliptic diffusion case by using
the coefficient of the SDE, and it can be easily checked. However we need only the fact
(6.38) for our purpose, so we dare to impose this condition directly.

We obtain the following theorem, which was one of the validities presented in (6.23).

Theorem 6.4 Suppose Conditions A1-A5 and that f is bounded. Then

lim \/h, (7771 + (r(gzz)_l) =0 a.s. (6.39)

Proofd The process a follows the equation

) ! ) L)
o 7" = X +/ a(as )ds—l—/ blas ™) dws,
t

n n
i—1 ti*l

for t € (t!_,,t"], and suppose that af“1) has a transition density satisfying (6.38).
It follows from the lower bound (6.38) that
P{r, <Aid"(t?,) < R,}
_ B [P {rn + X <ol <R+ X )Xt;il H
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[ Rn+Xt;L K Yy — X 2
> F / " exp [ cha] X 2= @ dy
L Tn+Xt?71 V hn - Chn
i Ry /vVhn 2
= FE |exp (chn|Xt;L71|2> / Ke e dy
L 7"7L/\/H
[ fRn/vVEn 2
> F / Ke < dy| .
L Tn/m

Putting r, = M,vh, + o(~/h,), where M, is an arbitrary sequence satisfying M,, —
M (0 < M < c0), and R,, = 0o, then we obtain that

[e.e]

y2
L(r,) > zhgl/ Ke e dy—2X >0

Mp+o(1)

for sufficiently large n. Hence we obtain that 7’5;;2 > r, a.s. by Lemma 6.3. This implies

that /T, (ri)) =1 = o0,(1).
Let 7, = Y A 7’5;;2 and R, = v, V ™ Then

opt *

P Re) = P{ra < 80| < Ru)
= P{r. < A"t < R} + P{-R, < Aa”(1f,) < 1)

Rn/\/ﬂ y2 —Tn/\/H y2
> kB / Ke_Tdy+/ Ke e dy| .

n/Vhn Ry /v/he

(n)

If we suppose that v, < r,, a.s. for sufficiently large n, we have

lim inf .@C(y”) (Vn, T,(Jzz)

rgzz/m y2 _'Yn/\/hin y2
lim inf / Ke ¢ dy+/ Ke < dy
e /v —rul VR

opt

> F

> 0.

This implies that v/h, ;! —i-\/hn(r(()zz)_l = o(1) since \/hn(r(()zz)_l = 0(1), and the right
hand side of the last inequality must be zero from Corollary 6.1. When ~,, > T,(Jzz for

sufficiently large n, the same argument holds. This completes the proof. O

6.6 To a practical approach

So far, we have discussed a kind of validity of the plug-in method in the case where

the function e(r) is known, and we obtained the sufficient conditions for (6.22)-(6.24).
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(i) The property (6.22) and (6.24) hold under A1-A4.
(ii) The property (6.23) holds under A1-A5 and that f is bounded.

Of course we are also interested in the case where £(r) is unknown; e(r) is replaced
by &,(r;s). Actually, in Section 6.4, we tried some simulation in such a case, and we
obtained some good results. However we can not show yet the rigorous validity when
g(r) is unknown. This is the critical problem for the future.

Nevertheless, this method is often useful. Let

En(r; rék—l)) = 2h;15n(7’; r(k—l)) _ jn(r; r(k—l))’

n n

and note that

L (r; ey = ﬁn(r; r=Y 4 on A, (D)),

n n

where Ag,(r; rﬁlk_l)) = E(r; rﬁlk_l)) —e(r) and L, is given in (6.25).

If we choose the pilot threshold satisfying 0 < kh, and (6.28) then many sim-
ulation shows that the estimator b, (x; 7’20)) becomes relatively robust; see also Section
5.4.3, and &, (r; r(k_l)) gives a good approximation of (r). Consequently, Ae,, becomes
almost zero, and this implies that finding the root of L, (r; rs))) = 0 is similar to finding
the root of ﬁn(r; rs))) = 0 in the 1st-stage. The same argument is possible after this
stage, and the discussion in the previous section can be approximately applied to the
case where £(r) is unknown.

These are the empirical and intuitive explanation why the plug-in rule with un-
known e(r) works well, and the more rigorous study is desired. Moreover the case
where the jump part is ¢(X;_)dz;, or more general case as in (3.1) should be also

studied in the future.






Appendix A

Central limit theorems for arrays

The aim of this section is to present some versions of the central limit theorem for
general triangular arrays, and give a result which is the most relevant from the point
of view of applications, in particular, the version used in Chapter 3 and 4. The central
limit theorems for arrays are often useful when we discuss the asymptotic normality
for discretely observed time-continuous stochastic processes.

Before we introduce a general result, we present the central limit theorem for mar-
tingale difference arrays under certain assumptions. Then we discuss several types of
sufficient conditions with which some of those assumptions can be substitute. Finally,
we shall introduce the theorem for general arrays with checkable conditions.

All the facts here are well known, and one can find the details on the central limit
theorem for arrays in e.g. Hall and Heyde [39], Jacod and Shiryayev [43] and Shiryayev

[97], and so on. However we give this appendix to make this thesis self-contained.

A.1 DMartingale difference arrays

Let X" = {X7}¥ be a family of 1-dimensional random variables defined on a probabil-
ity space (£, .#, P) and let (:#")o<i<k, be a filtration such that X[ is .#-measurable
for each n,7 € N.

Definition A.1 An array X™ is a martingale difference array if and only if
EIXP7] =0
forany1 <i<k,.

175
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Let L, = >, X. Note that this sum becomes a martingale with respect to the
filtration (Z")o<i<k, if X™ is a martingale difference array. The following basic result
is found in McLeish [69].

Theorem A.1 Suppose that X™ is a martingale difference array satisfying following

conditions:
E X2 Al
Sup ngggﬂl ,|]<oo, (A1)
max | X" % 0, (A.2)
1<i<kn

n

> (xS (A.3)

i=1
Then L, 5 N(0,1).

Condition (A.2) is called the asymptotic negligibility, which is equivalent to the

weak Lindberg condition: Zf;l(X[”)Ql“X;zbg} 20 as n — oo for all £ > 0, since

kn
n o n\2 2
P {1123}]5” | X3 > 5} =P {Z(Xz ) Lxpi>ep > € } :

i=1

Moreover they are also equivalent to

kn

d P{IX]| > el F ) 5 0;

i=1
see Shiryayev [97], Theorem VII.7.2. The negligibility can be lead from the following
Lindberg condition: for all € > 0,

Y E[(X) Lyxpsa] =0 (n— o) (A4)

i=1
by the Chebyshev’s inequality. Condition (A.4) implies (A.1) since
1<i<hn

kn
E { max |XZL|2] <e?+ Z E [(XZL)21{\X?\>E}} (A.5)
i=1

for all € > 0. Furthermore some authors have imposed the following conditional Lind-

berg condition instead of them:
kn
S O EX) 1gxrsalF] B0 (n— o0). (A.6)
i=1

This also yields (A.1) and, at the same time, this implies the asymptotic negligibility,

too. In fact, we note the following lemma



A.1. MARTINGALE DIFFERENCE ARRAYS 177

Lemma A.1 Let {¥Y;}o<i<n be a filtration and A; € 9; be an event for each 0 < i < n.
Then for any € > 0,

{0
=0

See Hall and Hyde [39], Lemma 2.5 for the proof. This lemma and the conditional
version of Chebyshev’s inequality yields that

go} Sﬁ‘FP{iP{AA%_l} >€‘g0}. (A7>

i=1

1<i<kn

This inequality and (A.6) implies (A.2).
Clearly Condition (A.6) can be replaced by the conditional Liapnov condition: for

a constant o > 0,
kn
D E[IXPPIFL] 20 (n— o). (A.8)
i=1

Condition (A.3) corresponds to the variance estimates, and under Condition (A.6),

we can replace it by the following conditional variance version:
kn
DE[XMIFL] B (0 o0). (A.9)
i=1

In fact, by the same argument as in the proof of Theorem 2.23 in Hall and Hyde [39],

)

for arbitrary € > 0. Therefore such replacements of conditions are possible for any

we have, without any martingale properties, that

p{ >

| ™

kn
S M- B (X217}

array X".
For the usefulness to obtain our desired general version later, we show the revised

version of Theorem A.1l.

Theorem A.2 Suppose that X" is a martingale difference array satisfying Condition
(A.9). Moreover assume Condition (A.6) or (A.8). Then L, <, N(0,1).
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A.2 General triangular arrays

In this section, we do not suppose that X" is the martingale difference, that is, the
sequence X" is a general triangular array. In order to use the preceding results, it is

useful to decompose L,, as follows:

kn kn
i=1 i=1
where V" = X' — E [X"|#],]. Then Y™ is a martingale difference.

Suppose that X™ satisfies Conditions (A.1) - (A.3), and Zf;{E [(Xp|7m, )} 20
for 7 = 1,2. Then Y™ satisfies (A.6) and (A.9). In fact,

ZE " 1yesa | F)

kn
< QZE 1{\Yn|>a}|f/ |+ QZ {E[X}7] }2‘

i=1

Here we have to show Z E[(XI)Lyrsey | Z0 ) 2o0.

i=1

ZE P21 yopse [ F]

= ZE[ VLo e | Fi ]

< ZE L xp e T +ZE [(XPVIF0] Lppeizr iser2y

< ZE s PR +ZE [(X[)? Zl{\EX”\f" [>¢/2}
< ZE 21 sy T +ZE (X7 Z4{EX”|W e
2 0.

Therefore we obtain that > E (V) Ly s F ] 2 0. Furthermore

ZE (Y270, ZE [(XM?.F78 Z{E (xr7m ]V 2
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These considerations lead the fact that L, - A (0,1).
Generally, we have the next theorem.

Theorem A.3 Let C' be a d x d deterministic matriz, and ¢ > 0. Suppose a d-
dimensional triangular array X" satisfies the following conditions:

kn,
S E[XPIFEN] B0, (A.10)
i=1
kn,
ST |E X7 2o, (A.11)

i=1
ZE [Xf(X?)*Iﬁf_J 5, (A.12)
i=1

k’fl
ZE X7 P gxn 50 [ F ] 5 0. (A.13)

i—1
Then L., % Ny (0,C).

The similar version of this theorem is also found in Shiryayev [97], Theorem VII.8.1
where the sufficient conditions are essentially the same as in the above ones. Although
a more general version; the case where C' is a random variable, is found in Hall and
Hyde [39], Theorem 3.4 without the detailed proof, the above version is enough for our

purpose in this thesis.

Remark A.1 Instead of (A.13), it is sometimes convenient to assume (A.8), which
is more restrictive than (A.13) but is relatively tractable in applications. Conditions
(A.10) and (A.11) in Theorem A.3 can be replaced by the following:

kn
Yo |E[XF]| 0. (A.14)

i=1
Indeed, it derives (A.10) obviously, and

kn
S E X7

i=1

kn
= B [XI(Agxmse + Lgxm=)lZ0]
=1

kn kn

< 2 E[IXMPlyxpsal ] 2D B (X o xni<a | F0]|
P im1
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kn

< 2) E[XPLlyxpsalZi
i=1

2
[ {0<\E X"\?” ]|<s}|yz‘n—1} ‘

kn
= 2 E[IXPPLlyxrsal 2] + 252 B [xr.70])]
=1 i=1

20

under Conditions (A.13) and (A.14).



Appendix B

Weak Convergence in (-space

This appendix is also to make this thesis self-contained as well as Appendix B. This
chapter will help us to understand the sufficient condition for the uniform convergence
of random functions on the compact parameter space, which was appeared in Chapter
3 and 4; see Remark B.1. We referred to Billingsley [10], Ibragimov and Has'minskii
[41] and Kallenberg [47] for writing this appendix.

B.1 Weak Convergence and tightness

The aim of this section is to introduce the notion of the tightness, which is one of the
good properties for a probability measure. When we consider the weak convergence for
probability measures in a general metric space, the concept of the tightness is essential.
In this section, we particularly consider the C-space; the space which consists of every
continuous functions on some compact metric space and endowed with the supremum
norm, and describe the relation between the tightness and the weak convergence. In
the last section, we introduce some tractable tightness criteria.

First of all, we give several types of definitions of the tightness.

Definition B.1 A probability measure P on a measurable space (E, &) is tight if and
only if, for every e > 0, there exists a compact set K € & such that

P(K)>1—-c. (B.1)

Moreover, a family of distributions 11 on E is tight if and only if, for every e > 0,
there exists a compact set K € & such that the inequality (B.1) is hold for every P € 11
Furthermore E-valued random elements {Xy}aea is tight if and only if the family of
distributions { P\}xea 1 tight.

181
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Theorem B.1 If the space E is a Polish space, that is, separable and complete, then
every probability measure P on (E, &) is tightQ

The tightness of a sequence of random variables { X"}, ¢y is equivalent to the fol-

lowing:
sup liminf P{X" € K} = 1. (B.2)

K:compact "7

Indeed if we assume (B.2) then, for every ¢ > 0, there exists a compact K’ such that
liminf P,(K') > 1 — &, where B, = P o (X")~!. Therefore, for sufficiently large m,
igf P,(K") > 1 — e0 On the other hand, for every n < m, there exists a compact set
K" that is independent of n such that . <1n£ P,(K") > 1 —e. Consequently, putting

K = K'UK", we obtain that P,(K) > 1 — ¢ for every n. The necessity will be clear[]

One of the simplest cases is when F = R. In this case, the tightness of {X"},cy is
obviously equivalent to

rli_}rg) sup P{X" >r} =0. (B.3)
This is called the uniformly tightness.

In the sequel, let (K,d) be a metric space with a metric d, and suppose K is
compact. Moreover let (S, p) be a metric space with metric p, and suppose S is complete
and separabled] We denote by C'(K,S) the set of all continuous functions from K to
S endowed with the uniform metric p(z,y) = sup,ex p(@r, y¢). We sometimes write
C(K,S) as simply C. Furthermore, denote by m; the mapping m, : C(K,S) > z —
xy € S. Then the following theorem holds.

Theorem B.2
B(C(K,S)) =o{m;t € K}, (B.4)

where B(X) means the set of all Borel subsets of X.

The o-algebra in the right-hand side is called Kolmogorov’s o-algebra. This theorem
holds when K is not compact if we choose a metric p suitably; see Ito [42], Theorem
5.2.

By Theorem B.2, that =+ € C(K,S) is measurable is equivalent to that x; is a
random variable. Indeed, if we suppose z is a measurable mapping from a probability
space (Q,.7,P) to C; 7' %(C) C FO then ;. = 277, ') = 27 (B(C)) C Z.

This implies that x; is .#-measurable. The mapping z is called an S-valued random
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function in the sense that an S-valued function x; is determined for given w, and this
is so-called an S-valued stochastic process. We also call it an S-valued random element

as the generalization of the term a “random variable”.

Lemma B.1 Let (S,.%) be a measurable space and T be a compact subspace of R .
Let X = { X }er and Y = {Ti}ier be S-valued stochastic processes, that is, X and Y
are C(T,S)-valued random elements. Then X LY s equivalent to (Xey, -, X)) <

Yy, ... Y4,) forevery ty,... t, €T and n € N.

By this lemma, we find that a distribution of a kind of stochastic processes can be
completely characterized by its finite dimensional distribution. Generally, the necessary
and sufficient condition that a sequence of distributions on an infinite dimensional
space as (R, %>) converges to a distribution weakly is that any finite dimensional
distribution of its distribution family converges to the finite dimensional distribution
of the corresponding limit; see Billingsley [10] for detailsC]

Similarly, one might think that Lemma B.1 seems to imply that a sequence of
distributions of any stochastic process converges weakly to a limit if and only if a
sequence of their finite dimensional distributions converges weakly to the finite dimen-
sional distribution of the corresponding limit. However the intuition is not correct;
see a counterexample in Billingsley [10], page 20. Since a dimension of the path space
of such a stochastic processes is higher than the one of R*°, we need a further tight
condition. In fact, the relatively compactness described below is important in the weak

convergence in stochastic processes.

Definition B.2 A sequence of random elements { X"} en is relatively compact if and
only if, for an arbitrary subsequence, there exists a sub-subsequence that converges

weakly.

We write X™ 2% X if the finite dimensional distributions of a sequence of random

elements X™’s converges weakly to that of X.

Theorem B.3 Let X and {X"},en be C(K, S)-valued random elements. Then X™ <,
X if and only if {X"}nen is relatively compact and X" ELN

Proofd First, we show the necessity. Consider the following canonical projection m:
Tonte: X € C(K,S) = (X(t),...,X () € R".

Since this is clearly continuous, 7, (X™) A Tty.... 1, (X)O Therefore X™ % X The

relatively compactness is obvious.
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Next, we show the sufficiency. Assume that X" 72 X. Then, for every € > 0, there
exist N C N and a continuous bounded function f : C'(K,S) — R such that |E f(X")—
Ef(X)| > e for any n € N'. On the other hand, by the relatively compactness, there
exists a sub-subsequence N” C N’ such that { X" },cny» converges to a process Y weakly.
By the assumption that X" ELN X, (n € N”), we see that Y L x by Theorem B.2.
This implies that X" 4 x ,n € N”. This contradicts the assumption. O

There are Prohorov’s theorem and Ascoli-Arzera’s theorem to judge the relatively

compactness.

Theorem B.4 (Prohorov) If an arbitrary family 11 of probability measures on a mea-
surable space (E, &) is tight then 11 is relatively compact. Moreover a space E is Polish
then a famaly I1 that is relatively compact is tight.

Theorem B.5 (Ascoli-Arzera) Let
w(z, h) = sup{p(zs, z5); d(s, t) < h} (B.5)

for any v € C(K,S) and h > 0. Suppose that there exists a dense subset D of KU
Then the following (i) and (ii) are equivalent:

(i) A c C(K,S) is relatively compact, that is, A is compact.

(ii) For any t € D, mA is a relatively compact subset of S and }llir% supw(zx,h) = 0.
—VzeA

In particular, | J,e e ™A is a relatively compact subset of S.

B.2 Tightness criteria

In this section, we remain to suppose that (K, d) be a metric space with a metric d, and
that K is compact. Moreover suppose (.5, p) be a metric space with metric p, and that
S is complete and separablel] We denote by C'(K,.S) the set of all continuous functions
from K to S endowed with the uniform metric p(z,y) = sup,cx p(xt, yi)-

There is the following criterion for the tightness; see Kallenberg [47] Theorem 14.5.

Theorem B.6 (Tightness Criteria) C(K,S)-valued random elements { X"} en are
tight if and only if S-valued random variables {X™(t)}nen are tight for any t € K and

lim lim sup E[w(X", h) A 1] =0, (B.6)

h—0 nooo

where w is given in (B.5).
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Proof0 Assume that {X"},cn is tight. Then, for arbitrary ¢ > 0, there exits a
compact set B C C(K,S) such that
limsup P{X" € B} <.

n—oo

By the Ascoli-Arzera’s theorem, for the above &, there exists a constant h > 0 such
that w(z,h) < e for any x € B. This implies that {w(X™ h) > ¢} C {X" € B},
hence limsup,,_, ., P{w(X" h) > €} < 0 The tightness of each family of marginal
distributions is clear from Theorem B.3 and B.4.

Next we assume that the equality (B.6). Then w(X", h) — 0 a.s. as h — 0 since
the path of X is continuous almost surely. By (B.6), for every € > 0, there exist
some hg and ng such that sup,., Elw(Xg, h) A 1] < e for any h > hg. Hence (B.6) is
equivalent to

lim sup Elw(X", h) A 1] = 0.

h—0 peN

Therefore, for every € > 0, there exist hq, hs,... > 0 such that

sup P{w(X™ h) > 27F} <271, keN (B.7)

neN
Moreover, since the family of distributions of X™(t) for each t > 0 is tight, there exist
compact sets Cp,Cs, ... C S such that

sup P{X"(t;) € Cf} <27% e, k€N, (B.8)
where {t1,t5,...} is a dense subset in K. Here, putting

B = ﬂ{x c C(K,S);x(ty) € Cr,w(x, hy) < 27%)
keN

we see from Ascoli-Arzerad’s theorem again that B is compact. The equality (B.7) and

(B.8) yield that sup,, .y P {X" € B°} < e, which means that {X"},cy are tight. O

The following lemma, which is easily deduced from the above theorem, is useful in

applications.

Corollary B.1 Let {X"},en be C(K, S)-valued random elements, and suppose that
the path of X™(t) is differentiable with respect to t € K. Then Condition (B.6) holds

true if

sup E [sup |3tX”(t)|] < . (B.9)

neN teK
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Proofl]
lim limsup E[w(X™, h) A1l] = limlimsupE | sup |X"(t) — X" ()| A1
h—0 npooo h—0 p_oo _|t—t’|§h

= limlimsup £ | sup |8tX”(f)Ht—t'|/\1]

=0 n—oo [t—t'|<h

< limhsupE {sup |8tX"(t)|] O
h—=0" neN teK
Remark B.1 If X"(.) <, z(-) in C(K,S) and x € C(K,S) is deterministic then
X"(Y) il x(+), which implies that, for any € > 0, P {p(X",z) > e,} — 0 as n — oo,
that is,
sup p (X" (1), 2(1)) = 0.
tek

as n — OoQ.

There are other types of tightness criteria. In the sequel, we suppose that C'(R?, S)

is endowed with the topology of the uniform convergence on compacts.

Theorem B.7 Let {X"},en be C(RY, S)-valued random elements. Then {X"},en is
tight in C(R%, S) if the following conditions are hold:

(i) {X™(0)}nen is tight in SO

(ii) For constants a,b,c > 0, sup E|p(X"(s), X"(t))|* < ¢|s — t|*?, s,t € R
neN

The following criterion is seen in Ibragimov and Has'minskii [41] Appendix I, The-

orem 20.

Theorem B.8 Let {X"},en be C(RY, S)-valued random elements. Then {X"},en is
tight in C(RY,S) if there exist constants m > r > d, H > 0 such that the following
conditions are hold:

(i) Ellp(X"(),0)["] < H.

(ii) sup E|p(X"(t + h), X"(t))|™ < H|h|".

neN

This is sometimes more tractable than Theorem B.7 in applications; it would be
easier to check (i) of Theorem B.8 than to check (i) of Theorem B.7.
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