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In Theorem 3.2, the expression of the asymptotic variance includes many typos.
We shall give the complete version of the statement as well as the proof.

All the notations used below are the same as in the paper Shimizu et al. [1].

Theorem 3.2. Suppose the same assumptions as in Theorem 3.1. Moreover, sup-
pose qc ∈ C2(Θ) and Θ is a convex subset of Rm. Then,

√
nc(θ̂n − θ0)

D−→ R−1
d Qd ·Nd(0,Σ), nc → ∞

where

Qd = (∂θqc(t1, θ0|S), . . . , ∂θqc(td, θ0|S) ∈ Rm ⊗ Rd,

Rd =

d∑
i=1

(∂θqc)(∂
⊤
θ qc)(ti, θ0|S) ∈ Rm ⊗ Rm,

and the variance-covariance matrix Σ = (σij)1≤i,j≤m is given by

σij =
1

q2c(S)
Λ(ti, tj) +

qc(ti)qc(tj)

q4c(S)
Λ(S, S)− qc(ti)

q3c(S)
Λ(tj , S)−

qc(tj)

q3c(S)
Λ(ti, S)

with Λ(x, y) = qc(x ∧ y)− qc(x)qc(y) and qc = 1− qc.

Proof. By the usual “sub-sub sequence argument”, we can assume that the conver-

gence θ̂n
P−→ θ0 can be replaced with the almost sure convergence without loss of

generality. Hence, for n large enough, we may assume that θ̂n belongs to the interior
of the parameter space Θ; ∂θℓn(θ̂n) = 0, and that det ∂2

θ ℓn(θ) ̸= 0 around θ0. These
assumptions can make the proof simple.

Under the above assumptions, we use Taylor’s formula to obtain that

√
nc(θ̂n − θ0) =

[∫ 1

0
∂2
θ ℓn(θ0 + u(θ̂n − θ0)) du

]−1

·
√
nc∂θℓn(θ0)), (3.1)
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where

√
nc∂θℓn(θ0) = 2

d∑
i=1

√
nc (q̂c(ti|S)− qc(ti, θ0|S)) ∂θqc(ti, θ0|S);

∂2
θ ℓn(θ) = 2

d∑
i=1

[
(∂θqc)(∂

⊤
θ qc)(ti, θ|S) + {qc(ti, θ|S)− q̂c(ti|S)}∂2

θqc(ti, θ|S)
]
.

Note that q̂c(ti|S) is the empirical distribution that is consistent with qc(ti|S):

q̂c(ti|S) =
F̂n(ti)− F̂n(S)

1− F̂n(S)
, qc(ti|S) =

F (ti)− F (S)

1− F (S)
,

where F is the distribution function of τ ci and

q̂c(t) :=
1

nc

nc∑
i=1

1{τci ≤t}

and that it follows from the Donsker-type theorem that, for any xi ∈ R,

(
√
nc(q̂c(x1)− qc(x1)), . . . ,

√
nc(q̂c(xK)− qc(xK)))

D−→ (Zx1 , . . . , Zxk
) ∼ NK(0,Λ),

as nc → ∞, where Λ = (Λ(xi, xj))1≤i,j≤K with Λ(xi, xj) = qc(xi ∧ xj)− qc(xi)qc(xj)
(see van der Vaart [2], Theorem 19.3). Hence, it follows that

√
nc(q̂c(ti|S)− qc(ti|S)) =

√
nc(q̂n(ti)− qc(ti))−

√
nc(q̂n(S)− qc(S))

1− q̂n(S)

+ (qc(ti)− qc(S))
√
nc

(
1

1− q̂n(S)
− 1

1− qc(S)

)
D−→ 1

qc(S)
Zti −

qc(ti)

q2c(S)
ZS

jointly for i = 1, 2, . . . , d, and therefore,

√
nc∂θℓn(θ0)

D−→ −2
d∑

i=1

[
1

qc(S)
Zti −

qc(ti)

q2c(S)
ZS

]
∂θqc(ti, θ0|S)

= −2Qd ·Nd(0,Σ),

where Σ = (σij)1≤i,j≤m is given by

σij =
1

q2c(S)
Λ(ti, tj) +

qc(ti)qc(tj)

q4c(S)
Λ(S, S)− qc(ti)

q3c(S)
Λ(tj , S)−

qc(tj)

q3c(S)
Λ(ti, S)

because, by putting Yi :=
1

qn(S)
Zti −

qn(ti)

q2n(S)
ZS , for which E[Yi] = 0, it follows that

Cov(Yi, Yj) = E
[(

1

qc(S)
Zti −

qc(ti)

q2c(S)
ZS

)(
1

qc(S)
Ztj −

qc(tj)

q2c(S)
ZS

)]
= σij .
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Moreover, it follows by the same argument as in Theorem 3.1 for the proof of (a):
the uniform convergence of ℓn, we can show that

sup
θ∈Θ

|∂2
θ ℓn(θ)− ∂2

θ ℓ(θ)|
P−→ 0, nc → ∞.

Hence, with the consistency of q̂c to qc, we have that

∂2
θ ℓn(θ0 + u(θ̂n − θ0))

P−→
d∑

i=1

[
(∂θqc)(∂

⊤
θ qc)(ti, θ0|S) + {qc(ti, θ0|S)− qc(ti|S)}∂2

θqc(ti, θ0|S)
]

=
d∑

i=1

(∂θqc)(∂
⊤
θ qc)(ti, θ0|S) =: Rd,

by the continuous mapping theorem and the assumption of the model specification:
qc(·, θ0|S) ≡ qc(·|S). Finally, we obtain from (3.1) that

√
nc(θ̂n − θ0)

D−→ −(2Rd)
−1 · 2Qd ·Nd(0,Σ) =

d R−1
d Qd ·Nd(0,Σ), nc → ∞.

This completes the proof.

We finally point out a typo in the first display in page 200, [1]:

qc(t|S) := P(τ c ≤ t|τ c > S) =
qc(t)− qc(S)

1− qc(S)
.

That’s all.
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