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In Theorem 3.2, the expression of the asymptotic variance includes many typos.
We shall give the complete version of the statement as well as the proof.
All the notations used below are the same as in the paper Shimizu et al. [1].

Theorem 3.2. Suppose the same assumptions as in Theorem 3.1. Moreover, sup-
pose ¢. € C%(0) and O is a convex subset of R™. Then,

Ve(Bn — 60) 25 R7'Qq - Ng(0,%),  ne — o0
where

Qa = (99qc(t1,00]S), - .., 09qc(ta, 60|S) € R™ @ RY,
d
Rq =) (999c)(y gc)(ti, 00|S) € R™ @ R™,

=1

and the variance-covariance matrix 3 = (04;)1<i j<m is given by

oy Le(ti)2e(t) LGt oy Gt
A(tity) + 2(9) A(S,S) qg(s)A(tj,S) 62<S)A(t1,8)

1
7 S) :
with A(z,y) = qe(x Ay) — qe(®)qe(y) and 7, =1 — g
Proof. By the usual “sub-sub sequence argument”, we can assume that the conver-

gence é\n N 0y can be replaced with the almost sure convergence without loss of
generality. Hence, for n large enough, we may assume that 9\” belongs to the interior
of the parameter space ©; 89£n(§n) = 0, and that det 93¢, () # 0 around 6. These
assumptions can make the proof simple.

Under the above assumptions, we use Taylor’s formula to obtain that

1 -1
V(0 — 60) = [/0 Rln (00 + u(@n — 00)) du| - /nedsln(60)),  (3.1)
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where

d
Vedpln(00) = 2) /e (@u(t:]S) — ge(ti, 60]S)) Boge(ti, 00| S);
i=1

d
030a(8) = 2" | (900c) (95 ac) (i, 01S) + {ac(ti, 01S) — Gu(ts|S)} 3R ac(t:, 018) |

i=1
Note that g.(t;|S) is the empirical distribution that is consistent with g.(¢;].S):
Fn(ti)

Gel(til §) = —— 1;

f ) uitals) =

where F' is the distribution function of 77 and

1, ¢
nc ; {r¢<t}

and that it follows from the Donsker-type theorem that, for any z; € R,

(V7e(@(21) = ge(@1)), - VTe(@el@1) = @e(@K))) > (Zay, - Zay) ~ Nic(0, 4),

as n. — 00, where A = (A(x;, x;))1<ij<kx With Az, z5) = ge(xi A xj) — ge(xi)ge(xj)
(see van der Vaart [2], Theorem 19.3). Hence, it follows that

ﬁ(@n(tz) - QC(ti)) - %(an(s) - QC(S))

Ve(Qe(ti]S) — qe(ti]S)) =

1 —@n(95)
+ (ge(ti) — 4e(S))v/ne <1 - qin(s) 11— ;C(S)>
. A
TGO

jointly for ¢ = 1,2,...,d, and therefore,

edsta(00) 2> Z 57~ S 75| e uls)

= 72Qd : Nd(oﬂ E)a

where X = (Uij)lgi,jgm is given by

1 QC(ti)ac(t]’) QC(t’L’) QC(tj)
0ii = —5—A(t;, t;) + 2N (S,S) — = A, S)— = A, S
=g T ey M) T gy S~ g A S)
because, by putting Y; := = %S) Zy, — g’gggﬁ; Zg, for which E[Y;] = 0, it follows that

o) = | (51577~ 1551 %) (w2~ %) | =
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Moreover, it follows by the same argument as in Theorem 3.1 for the proof of (a):
the uniform convergence of ¢,, we can show that

sup |02, (0) — 920(0)] — 0, ne — oco.
ISS]

Hence, with the consistency of g. to ¢., we have that

M&

692fn(90 + u(é\n - 90 |: 89‘]0 69 qc (t’L? 00‘5’) + {QC(tza 00|S) - qC(tZ|S)}OGQC(tl’ 00|S)

i=1

d
Z 69% 89 qC t’LveO’S) :Rdv

by the continuous mapping theorem and the assumption of the model specification:
qc(+,00|S) = ¢c(+|9). Finally, we obtain from (3.1) that

V(O — 00) 25 —(2Rg) ™"+ 2Qq - N4(0,%) =% R;'Qq - Ng(0,%), ne — oo.
This completes the proof. O

We finally point out a typo in the first display in page 200, [1]:

B qe(t) — ge(S)
lt]S) = P < il > 8) = H e

That’s all.

References

[1] Shimziu, Y; Minami, Y. and Ito, R. (2021). Why does a human die? A structural
approach to cohort-wise mortality prediction under Survival Energy Hypothesis,
ASTIN Bulletin, 51, (1) 191-219.

[2] van der Vaart, A. W. (1998). Asymptotic statistics. Cambridge University Press,
Cambridge.



